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1

Vectors, Tensors, and
Equations of Elasticity

1.1 Prove the following properties of §;; and €5, (assume ¢,j = 1,2,3 when they
are dummy indices):

(a) Fyjojk = Fix

(b) 6ij6i5 = 6si =3

(¢) eijkeijr =6

(d) €4k Fij = 0 whenever Fj; = Fj; (symmetric)
Solution:

1.1(a) Expanding the expression
Fijbji = Finb1x + Fiabog + Fiz03y

Of the three terms on the right hand side, only one is nonzero. It is equal to Fj; if
k=1, Fip if k =2, or F;3 if Kk = 3. Thus, it is simply equal to Fj.
1.1(b) By actual expansion, we have
8ij0ij = 6i1051 + i20i2 + 8i3043
= (611611 + 0+ 0) + (0 + d22022 + 0) + (0 + 0 + O33033)
=3

and
biji =011+ 00 +033=1+1+1=3

Alternatively, using F;; = 6;; in Problem 1.1a, we have 6;;6;, = 0;, where ¢ and k
are free indices that can any value. In particular, for ¢ = k, we have the required
result.

1.1(c) Using the -6 identity and the result of Problem 1.1(b), we obtain

€ijk€ijk = 0ii0j; — 6ijbij =9 —3 =16
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2 Theory and Analysis of Elastic Plates and Shells

1.1(d) We have
Fijeijk = —Fijeji (interchanged ¢ and j)
= —Fjeijr (renamed ¢ as j and j as 7)
Since Fj; = Fj;, we have
0= (Fij + Fji) i
= 2Fjjgi5k
The converse also holds, i.e., if Fjje;jx = 0, then Fj; = Fj;. We have
0 = Fijeijn
1
=35 (Fijeiji + Fijeijr)
1
=3 (Fijeiji — Fijejix) (interchanged ¢ and j)
1
=3 (Fijeije — Fjigijr) (renamed i as j and j as 4)
1
=3 (Fij — Fji) €ijk

from which it follows that Fj; = Fj;.

& New Problem 1.1: Show that

or T

ox; 7

Solution: Write the position vector in cartesian component form using the index
notation
r = ;6 (1)
Then the square of the magnitude of the position vector is
T2 =Tr-r= (.Tzéz) . (:Ujéj) = xixjéij
= T;x; = TETh (2)

Its derivative of r with respect to x; can be obtained from

aiL‘i - 81‘2 kek
Oz, oxy,
- 83)1 Tk + Tk 81‘1
oxy
=2 T = 261‘]4:1']@ = 21’1'
81‘1

Hence
or T

= (3)

0x; T
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1. Vectors, Tensors, and Equations of Elasticity 3

1.2 Let r denote a position vector. Show that:
(a) grad (r") =nr"?r
(b) V2(r") = n(n + 1)r"2
(c) div (r)=3
(d) curl (rf(r)) = 0, where f(r) is an arbitrary continuous function of r with
continuous first derivatives

Solution:

1.2(a) We have

0
aiL‘i

or
nr" 22,8 = nr" " 2r

n—lé,

V() =& B~

(r") =nr

where the result from Eq. (3) of Problem 1.1 is used in arriving at the last step.

1.2(b) From the result of the above exercise, we have

V(") = (V- V) (") = V- [V(")]

(a0 n-2, 4\ — s oy 0 (-2,
= (eja_x]) . (m“ :pze2> =n(e; - el)a—wj (r ZL‘Z)
= néij [(n — 2)7’ni3ﬁ$i + r"zéij]

T
=n [(n — 2% 4 37""72} =n(n+ 1)r" 2

1.2(c) Using Eq. (3) of Problem 1.1(b), we obtain
— A a A —_— A . A . axi — .. . —
V-r= (e] 813-) (xi€;) = (& el)&vj = 0i;0i; = 3
1.2(d) We obtain
culr(fr) =V x [fr]

= (éjaix) X (f(r)z€;) = (& x éi)a%j [f(r)xi]

= &jikek lf'(r)%wi + f(r)‘sij]
J
= 5jikék [@x]xz + f(T')(Sz]:|

The two terms in the square brackets, x;x; and 0;; are symmetric, hence, by Problem
1.1(d) the expression in the last line is zero.
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4 Theory and Analysis of Elastic Plates and Shells

& New Problem 1.2: Let [A] and [B] be m X n and n x p matrices, respectively.
Show that

n
cij = Y aikb;
k=1

Then the transpose of [C] has the coefficients

n

Cji = Z ajkbkz = Z bkza]k

—1 —

n
Z aka

ol

ol
—_

which implies the result in Eq. (1).

1.3 If [B] is a symmetric n X n matrix and [C] is any n X n matrix, show that
[C]T[B][C] is symmetric.

Solution: Let [A] = [B][C]. Using Eq. (1) of New Problem 1.2, we have

& New Problem 1.3: Show that the dot and cross can be interchanged without
changing the value in the scalar triple product

A-BxC=AxB-C (1)

Solution: We have

A-BxC :Aiéi . BjCkejkmém = AiBjCkEjkm(Sim
:AiBjCkf:jki = AiBjCk&‘ijk =AxB-C

Since i, j, and k can be permuted in a cyclic order, it also follows that
AiBjCk&“ijk:C'AXB:B-CXA

and A- BXxC=AxXxB-C=C-AxB=CxA-B=B-CxA=BxC-A.
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1. Vectors, Tensors, and Equations of Elasticity 5

1.4 Establish the -6 identity of Eq. (1.2.15).
Solution: The e-6 identity follows directly from the vector identity

(AxB)-(CxD)=(A-C)(B-D)—(A-D)(B-C) (1)
by letting
A=¢, B=¢;, C=¢,, A=¢,
We obtain
(€i X &) - (ém X &) = (&; - €)(&; - €n) — (&; - €n)(&; - €m)
€ijkék : 6mnpép = 62m6]n - 62n5]m
or

EijkEmnk = 6im6jn - 6in§jm

which was to be proved. Note that €;;, = erij = €ji-

1.5 Prove that the determinant of a 3 x 3 matrix [C] can be expressed in the form
|C| = €4k c14 25 C3k (a)

and, thus, prove

1
|C| = Eeijk Erst Cir Cjs Ckt (b)
where ¢;; is the element occupying the ith row and the jth column of [C].

Solution: First we note the definition of the cross product of two vectors

€1 € é3
BxC=|B, By, B (3)
C: Cy Cs
and the “scalar triple product” of vectors
Ay Ay Az
A‘(BXC)_'Bl BQ Bg (4)
C: Oy Cs

Now let
A =ci;6,=C1, B=cye;=Cy, C=cge,=0C3

in Eq. (3). We obtain

01 . (CQ X 03) = Clz’éz’ . (ngéj X Cgkék)
Ci1 C12 (13
C21 C22 C23
€31 €32 €33

=[C|
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6 Theory and Analysis of Elastic Plates and Shells

or
|C| = c1i€; - (caj€; X capey)
= C1iC25C3kEijk
which is the same as Eq. (1). Next consider the product C, - (Cs x Cy):
C,- (Cs X Ct) = CriCsjCtkEijk
Multiplying both sides with ¢,5 and expanding, we arrive at
CriCsjCikErst€ijk = Erst|Cr - (Cs X Cy)]
= £15¢[C1 - (Cs x Cy)] + €24¢[Ca - (Cs x Cy)]
+e34[C3 - (Cs x Cy)]
=Cp-(C2xC3)—Cy-(C3 x Cy)
4+ Cy-(C3%x Cp)—Cy - (Cy x Cs)
—i—Cg'(Cl XCQ)—Cg-(CQ X Cl)
= 6[01 . (CQ X Cg)] = 6’C|
where we have used the identity in Eq. (1) of New Problem 1.3.

1.6 Using Cramer’s rule determine the solution to the following equations:

(a)
2331 — T2 = 1
—x1 +2x9 —x3 = 2
—x9 + 2x3 =2

(b)

120 3h x1 12
2
3h  h%  2n? x3 h

where b, fy, and h are constants

Solution:

1.6(a) The matrix form of the equations is

2 -1 0 T 1
-1 2 -1 To p =1 2
0o -1 2 3 2

Using Cramer’s rule we obtain
1 -1 0

1 1
AT, ] o [A]
2 1 0
1 1 14
ro=—1|-1 2 —-1|=—71244+2)—(—2-0)—-0]=—
|l 2+ - (-2-0) -0 =7
2 -1 1
1 1 11
r3=—|-1 2 2|=—[244+2)+(-2+1)+0=—
A7y _] 5| [A]
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1. Vectors, Tensors, and Equations of Elasticity 7

where the determinant |A| of the coefficient matrix is

2 -1 0
Al=|-1 2 —1|=24-1)+(-2-0)—0=4
0 -1 2

Hence, 1 = 9/4, xo = 14/4, and z3 = 11/4.

1.6(b) We have
12 0 3h] (= fond 12
0 4h2 B2 | {ams=2"10
3h n2 20| | as 240 |,

The determinant of the coefficient matrix is |A| = 12(8h* — h*) +3h(—12h3) = 48h*.
Using Cramer’s rule we obtain

« 12 0 3h a T2a
x1=—|0 4h® h%|=—[12(8h* — ht) + h(—12h3)] = —
’A‘ h h2 92h2 ’A‘ ‘A|
o |12 120 3h| 940
To=—1 0 0 h%|=—[12(=h3) +3h(12h%)] = —
Al 3, 5 op2| 1Al Al
12 0 12
Ti— | 0 4h2 0| = - [12(4h%) + Bh(—48K2)] = — 0%
Al 3, 12 ! 1Al Al

Hence, 71 = 3a/2, z2 = a/(2h), and z3 = —2a/h, where a = (foh*/24b).

1.7 Let [C] be a 3 x 3 matrix, [I] be a 3 x 3 identity matrix, and A be a scalar. Show
that
det[C = A] =X =12+ LA — 13

where )
I = ¢y, Io = E(Ciicjj — cijcij), I3 = |C]

Solution: Using the result of Problem 1.5(b) and the e-6 identity, we obtain

1
|C - >\I| = ggijkerst(cir - )\61'7")(03'5 - )\6js)(ckt - )\5kzt)

1
= ggijksrst {_Ag)(siréjsékt + >\2 (Ciréjsékt + théir(sjs + st(sirékt)
— A (Cir€jsOkt + CirjsCit + OirCisCht) + CirCjsCrt |
5 2
= -\ + G (Cir€ijkErjk + Ckt€ijkEijt + EijkEiskCis)
A

t35 (€ijkErskCirCjs + €ijkErjtCirChi + €ijkEistCjsCht)

+ Egijkgrstcircjsckt

A
=-)\3 + cw\2 + 5 (Ciicjj - Cijcji) + ‘C’
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8 Theory and Analysis of Elastic Plates and Shells

1.8 If we Aidentify a second-order tensor A associated with the direction cosines

a;j = €; - €; [see Eq. (1.2.57)]

A = a;; €8,

show that (a) A-A=A, (b) A-AT =1, and (c) A: A =3.
Solution:
1.8(a) We have A )

A - A = qjjappageie, = apeie, = A
where we have used the identity in Eq. (1.2.61).
1.8(b) We have
A - AT = gapp650081 = aijarjeer = Sipeiey =1

where we have used the identity in Eq. (1.2.61).

1.8(c) We have
A:A= aijamn <é1 . én) (éj . ém>

= QijUmn@inam;j = Ojnbnj = 655 =3

where we have used the identity in Eq. (1.2.61) repeatedly.

1.9 Use the definition V2 = V - V to show that the Laplacian operator in the
cylindrical coordinate system is given by
10, 0 1 92 0?
2_ 2[99 (.9 -7 4.2
vi= o tan) + ram 7o)
Solution: Using the definition (1.2.30) of V and the derivatives of the basis vectors
(1.2.29)
0 € 0 0 oe. . 0é

Vet e %5 g % g T
we obtain

(. 0 €0 . 0 .0 e o , 0
V'V—<er§+7%+ez$>'<e'r§+7%+ez&)

<é g—l—@g—i-é g)
"or r 00 20z
1A . 6 (é g_ﬁ_%ﬁ_{_é g)

"or r 00 0z

+e ~g(ég+@ﬁ+ég>
2092\ "or r 00 0z

? 1. (96,0 & 0 0?
:mﬁe&‘(aea*?w)*w
9 10 1 0%2 o2
~ o2 T ror e T 922

_13(8) 19?2 o2

“rar\"ar) T RaE t o
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1. Vectors, Tensors, and Equations of Elasticity 9

1.10 Show that the gradient of a vector u in the cylindrical coordinate system is
given by

Solution: We have

Vu = (érg + %2 + éz£> (urér + u9é0 + Uzez)
or r 00 0z

.0, .

= era (ur€, + ug€p + u e,)

100 (16, + ugey + use)
90 Ur€r + Uy + U e,
ey
0z
—é <%é IRCLUPNCR )
e\ T e % T oy

_‘__(%“ + %_‘_auaA + 869_{_%(3)
20 " o0 T 90 0 T 90 T oe

N (8Ur R 8ue R 8Uz )
€z

urér + u6‘é0 + uzez)

T, 5,

0 0 0
= ér ( i ér + _UG é0 + _Uz ez)
r r or

<8uré + upe +8ueA uge —I—%é>
90 T r€0 €p — Uper 90 z

~ 6”7‘ N au@ R auz
+e, | —e, + —zeg + —e,

1.11 Show that the curl of a vector u in the cylindrical coordinate system is given

by
. (10u, Oug . [(Ou, Ouy,
VX““”(F@@‘E) e<32_87’>
+é. <8u9+u—6—16ur>
¢ or r 00

Solution: We have

V><u2<ér3+%8 te, 9
0z

or - 00 ) X (urér + ugéq + Uzez)
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10 Theory and Analysis of Elastic Plates and Shells

Uur€, + upy + uye;)

0
=

=&, X

+ eg X ur€r + g€y + uze;)

0
89(
+é xg(ué + upég + uze;)
z 0z rCr 6€o 2€z

-8 X(%é+au0A +8z>
- ar T o 0T g

+1é X(%é_'_ aer_l_%A_{_ @_FauZA)
000 T 90 T a0 0 T 90 T ae

+é x<%é +%é —I—%e>
z 0z "9z 0T 9 R
—érx(%ér-i-%éaﬁ-%ez)
T T or
+1égx<aue—l—ue —|—8—e uye +%é>
r 90 T r€o 90 0 — WpCr z

Oury o, | Uz, >
9z "9z ' oz

—: (& x e,)

170
—[ ur(égxér)—u@(égxér)—i—— €

& New Problem 1.4: Find the divergence of a vector in the cylindrical coordinate
System.

Solution: We have

.0 .10
V-uz(e,«—r—l—egrag
. . Ou . Oé-u. . . 10ug . . Ou,
W—i_ee 90 7 +30'e0;m+ez'ezg
BUT+UT+18u9 8uz:18(rur) 1% ou,
or r 00 0z r Or r 00 0z

0 . . .
+e,— 92 : (urer + upey + Uzez)
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1. Vectors, Tensors, and Equations of Elasticity 11

1.12 For an arbitrary second-order tensor S, show that V - S in the cylindrical
coordinate system is given by

[0S, 10 05, 1 )
V'S_[ar o0 s +F(S’"’"_Se")]e’“

0Srg 10Sgg 05,9 1 R
{87“ 25 T 5 +;(Sr0+597"):| €

or r 00 0z r 0Tz |

Solution: Using the del operator in the cylindrical coordinate system, the divergence
of the tensor S is computed as

(ér% + ée%% + éz%) : [S'r"r'érér + STOéréG + Sﬁréeér + T+ Szzézéz]
0Srr . 0Sr0 . 0Srz . 1 . 0e, . 0e,
=5 e + o €9 + o e, + - Srr€g - %er + Srp€y Weg
+ %ée + 599% + %ér + Sor% + S.r€p - %éz + %éz
8Szr ~ 85.20 ~ aSZZ ~
+ 0z et 0z co + 92 2
aSrr ~ 851"9 ~ 8Srz o Srr ~ STG ~ 1 8590 ~ 590 ~
=2 er + or €9 + or e, + rer—l— e9+;weg—7e7n
1 8‘5’97‘ ~ S@r ~ Srz ~ 1 aSGz ~ 8Szr ~ aSzO ~ 6Szz ~
+; 90 e'r‘{’Te@‘{’Tez‘{’; 90 e, + Oz e, + 9z €y + Oz €z,

where the following derivatives of the base vectors are accounted for:

o0& _ . Oer
90 " e

= €.

Collecting the coefficients of &, &y, and €,, we obtain the required result.

1.13 For an arbitrary second-order tensor S show that V x S in the cylindrical
coordinate system is given by

.. (108, 0Sp 1 . . ([0S, 0S.
VXS = e (r 00 0z rSz0> + €89 ( 0z or )

. (1 10S,., 05y, . (108, 0Sp 1

€26 <FS€3_F 20 " or ) ereo (? 20 02 +?S”>+
PN aSrr . aSzr) +6,8 (1 aSzz _ 850,2)

©0Cr 0z or " \r 00 0z

0z or

or r o Tpore o) e

1 1 198,
+;Sgg— - - 9)

Srr r 00

r

. (65’97,_185” 1 1 ) . a (857«2 6SZZ>+
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