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1.1. Vectors 1

1. VECTORS, MATRICES AND APPLICATIONS

1.1. Vectors

1. By the Triangle Inequality, ||v + w|| < [|v]] + ||w]| for two vectors v and w. Assume that

v and w are parallel and have the same direction, i.e., w = tv and ¢ > 0. In that case,
v+ wll=I[lv+ivl= [+ vl = [T+t [lv] = 1L+ ) []v]
(since t > 0, it follows that 1 +¢ > 0 and so |1 +¢| = 1 +1¢) and
VIl Wil = [l + vl = NviE+ [eHvIE= -+ Dl

(since t > 0, |[t| = t). Therefore, to illustrate ||v + w|| = [|v|| + ||w|| we can choose any pair
of parallel vectors with the same direction. For example, v =i and w = 4i.
If v and w are non-parallel, then they form a triangle with sides equal to ||v||, ||w]|| and

[[v + w||, in which case ||v + w|| < ||v|| + ||w]|- As an example, take v =1 and w =1i+].

Notice that as the angle between two vectors (whose magnitudes are fixed) gets larger
and larger, the magnitude of their sum gets smaller and smaller. Therefore, to find w, v such
that ||[v+w|| < (||v]|+]|w]|])/2 we can look for vectors that form a larger angle, like v.= —i+j
and w = i. In this case, ||[v+ w|| = [|j|| = 1 and (||v|| + ||w]|)/2 = (V24 1)/2 > 1.

2. Let v = (v, v2,v3) be any vector in R3. Then av = (av;, avs, avs), for a €R, and the

definition of the length of a vector gives

llav]] = /(av1)? + (av2)? + (avs)? = \/a2(v§ +v3 +03) = laly/v} + v3 + o3 = |allv]].

3. Assume that v = (v1,vs) €R? (same proof works in any dimension). If ||v|]] = 0 then
Vv? +v3 = 0 and v} + v = 0. Therefore, v; = vy = 0 and v = 0. This proves it one way.
The other implication is immediate: if v =0 = (0, 0), then ||v|| = v/0% 4+ 02 = 0.

4. The values r = 0 and @ = m/2 represent the pole (recall that the pole can be rep-
resented as (0,6) for 0 < 6 < 2w). Alternatively, # = rcosfl = Ocos(r/2) = 0 and
y = rsinf = 0sin(r/2) = 0; so (0,0) are Cartesian coordinates of a point whose po-
lar coordinates are (0,7/2). For the point whose polar coordinates are (10,7/2), we get
z=rcosf = 10cos(r/2) = 0 and y = rsin @ = 10sin(n/2) = 10; therefore, (10, 7/2) is repre-
sented as (0, 10). For (2,37/4), we get & = 2cos(37/4) = —/2 and y = 2sin(37/4) = V/2; so
its Cartesian coordinates are (—/2,/2). Similarly, for (1,7/6) we get = 1 cos(n/6) = /3/2
and y = Isin(7/6) = 1/2 and so its Cartesian coordinates are (v/3/2,1/2). Finally, for
(12,37/2) we get @ = 12cos(37/2) = 0 and y = 12sin(37/2) = —12; i.e., its Cartesian

coordinates are (0, —12).

5. If x =y =2, then r = \/22 + y2 = /8 and tan@ = 1. Hence § = 7/4 and the point (2, 2)
is represented in polar coordinates as (\/g, n/4). For the remaining three points, r = V8 as
well. For (—2,2) we get tan @ = 2/(—2) = —1,i.e.,0 = —w/4+ kn (k is an integer). Since the
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2 VECTORS, MATRICES AND APPLICATIONS

point (—2,2) is in the second quadrant, # = 37/4, and (v/8, 37/4) are its polar coordinates.
Similarly, for the point (2, —2) we get tanf = —1 and (the point is in the fourth quadrant)
0 = Tr/4. Hence (v/8,7m/4) are its polar coordinates. Finally, from z = —2 and y = —2 we
get tan@ = 1 and (we are now in the third quadrant) @ = 57/4. Consequently, (v/8,57/4) are
the polar coordinates of (—2, —2).

6. TFor the point whose Cartesian coordinates are (0, —3) we get r = \/m = 3 and
¢ = arctan(y/x) = arctan(—3/0), i.e., § = m/2+ kn (k is an integer). Since the point is on the
negative y-axis, it follows that # = 37/2. Therefore, the point (—3,0) has polar coordinates
(3,37/2). For the point (1,/3) we get r = /T +3 = 2 and @ = arctan(v/3/1) = 7/3, since we
are in the first quadrant. Tt follows that (1,+/3) is represented in polar coordinates as (2, 7/3).
Similarly, for (—/3,—1) we get r = \/14+3 = 2 and 6 = arctan(—1/ — /3) = Tr/6 (since
(=3, —1) lies in the third quadrant); so (2,77/6) are the corresponding polar coordinates.
Finally, (=2, 0) lies in the second quadrant, so from arctan(0/ — 2) = k1 we get § = 7; since
r = 2 it follows that the polar coordinates of (—2,0) are (2, 7).

7. Rewrite the Triangle Inequality as [Ja + b|| < [Ja|| + ||b|| and substitute a = v — w and
b = w. Thus [v—w-+w|| < [[v—w|+[wll, so [v]] < v —wl|--[}w] and v —wl| > [[v]|—[}w].
Consider a triangle whose sides are v, w and v — w. The above inequality states that the
difference of lengths of two sides in a triangle is smaller than the length of the third side. The

equality holds in the case when v and w are parallel, of the same direction, and ||v|| > ||w]].

8. Exercise 7 tells us that [|[v—w]|| > ||v||—||w]|; the equality holds when v and w are parallel,

of the same direction and are such that ||v|| > ||w]||. So take, for example, v = 5i and w = 2i.

9. If v and w are parallel of opposite directions, then v +w = 0 and hence 0 is the smallest
value of ||v + w||. By the Triangle Inequality ||v + w|| < [|v|| + ||w]||, the largest value of
[[v 4+ wl|| is ||v|| + ||w]] = 2 (and this happens when v and w are parallel and of the same

direction; i.e., when v = w, since both vectors are of the same length).

10. Let P(x,y) be a point on the ellipse and A;(—e, 0) and Aa(e, 0) the given points. From
d(A1, P) + d(As, P) = € it follows that \/(z +¢€)? +y2 +/(z —€)2 + y2 = € and

(l‘+e)2—|—y2—|—(x—e)2+y2+2\/(x+6)2+y2\/(x_6)2+y2:Ez.

Simplifying, we get

21‘2—1—23/2—1—262—1—2\/(1‘—1—6)2—1—3/2\/(1‘—6)2—|—y2 =¢?

and

Va2 +y? + e+ 2we\/z? + y? + €2 — 2ze = €2/2 — (2% + y? + €?).
Square both sides to get

(1,2_1_3/2_1_62)2_(2x6)2:64/4_1_(1,2_1_3/2+62)2_€2(x2+y2+62);


https://ebookyab.ir/solution-manual-vector-calculus-lovric/

https://ebookyab.ir/solution-manual-vector-calculus-lovric/
Email: ebookyab.ir@gmail.com, Phone:+989359542944 (Telegram, WhatsApp, Eitaa)

1.1. Vectors 3

hence —4x2e? 4+ 222 + 2y? = €*/4 — %e? and
i (—4e? + ) 4 2yt = 2(1/4) (2 — 4e?).

It follows that
22 y?

e2/4 + €2/4—e2

11. By definition, ||v|| = /02 + 22 + (=1)2 = /5.

12. By definition, ||v|| = Vsin? 0+ cos20 + 1 = /2.

13. Since ||w|| =9+ 16 = 5, it follows that

v =(3/b)i+ (4/5)) and vl =+9/25+16/25 = 1.

In general, v = w/||w|| = (1/||w||)w has the same direction as w. Its length is 1 (it is

called the unit vector in the direction of w), since

bl

Iv ||—H H wii=1.
i

14. By definition, ||w||> = 12 + (=1)? 4+ 22 = 6. It follows that v = 1 — —J + 2k and
IVl = /1/36 +1/36 +4/36 = 1//6.

15. Let A(ay, as), B(b1,bs) be points in RZ If A and B lie on the same horizontal line, then

their distance is |b; — ay|. Since, in that case, as = by, we can write (recall that || = V?)

by — a1 = /(by — a1)? = /(b1 — a1)? + (by — az)”.

If A and B lie on the same vertical line, then their distance is |by —as|; since a; = by, we obtain

the same formula. If A and B do not lie on the same horizontal or the same vertical line, then
construct the triangle as shown in Figure 15(a). It is a right triangle with sides |b; — a;1] and
|bs —as|. By the Pythagorean Theorem, its hypotenuse is d(A, B) = \/(by — a1)? + (b3 — a2)?.

[E1] ik

-{"'.

Figure 15

The proof in B3 is done in a similar way. Here is an alternative: first, compute the

distance d(O, C') from a point C'(cq, ¢a, ¢3) to the origin, see Figure 15(b). By the Pythagorean
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4 VECTORS, MATRICES AND APPLICATIONS

Theorem, d?> = ¢} + ¢ and (again by the Pythagorean Theorem) d(O,C) = \/m =
¢? + c2 + c5. Now take any points A(a1, as,as) and B(by, bs, b3) in R3. Take a line segment
AB and translate it by the vector —(ay,az,as), thus obtaining the segment OC, joining the
origin O and the point C'(by — a1, ba — az, bs — ag). By the formula we have just derived, the
length of AB = distance from the origin to C' = \/(b1 —a1)?+ (b —a2)? + (b3 —a3z)?.

16. Triangle Law: Let v = (v1,v2) and w = (wy, ws). If OA is the directed line segment
that starts at O, then A has coordinates (v1,vs). Choose the representative directed line
segment of w = (wy, wsy) that starts at A(v1,v2), and call it AB. Then B has coordinates
(v1 + w1, va + wa). Consequently, the vector represented by OB (i.e., the third side of the
triangle O AB) has coordinates (vy + w1, v2 + ws); and these are the coordinates of v + w.
Parallelogram Law: Let v and w be represented by OA and OB respectively. By drawing
parallels to OA and OB we obtain the parallelogram OAC B, as shown in Figure 16. We have
to find the coordinates of C. Since the triangles OB’'B and AC|C' are congruent (they are
similar and d(0, B) = d(A, C)) it follows that d(A’,Cy) = d(A, (1) = d(O, B’) and hence
d(0,C1) = d(O, A") + d(A',C1) = v1 + wy. Similarly, d(O,C2) = v3 + wa. Therefore, the
vector represented by OC has components (vy 4+ wy, v2 + ws) and is thus equal to v + w.

Figure 16

17. Recall that the representative of a vector v = (v1,ve, v3) whose tail is at A(aq, aq, as)
is the directed line segment 1@, where the point B has coordinates B(aj + vy, a2 + va, a3 +
vz). Let v. = (0,2,—1). The directed line segment m, where A1(0,1,1) and B;(0,3,0)
is the representative that starts at A;(0,1,1). Similarly, the directed line segments m,
A5 B; and A3B;, where A5(0,3,0), B2(0,5, 1), A3(8,9, —4), Bs(8, 11, —5), A4(10, —1,4) and
B4(10, 1,3), are the representatives of v that start at A, Az and A4 respectively.

18. The vector represented by the directed line segment 1@, where A(3,4) and B(—1,0) is
v =(—=1-3,0—4) = (=4, —4). The representative of v.= (—4, —4) whose tail is at A; (0, 2) is
the directed line segment m, where By = (0—4,2—4) = (=4, —2). Similarly, the directed
line segments As Ba, and A3 B3, where As(1,1), B2(—3,-3), As(—4,—2) and B3(—8,—6) are

the representatives of v that start at As and Az respectively.
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19. We use elementary vector operations. First of all, a—2b = (2i—j+k)—2(k—3i) = 8i—j—k.
Since ||c|| = 2, it follows that a — ¢/||c|]] = (21 —j+ k) — 2i/2 = i — j + k. Similarly,
3at+c—j+k=32i—j+k)+2i—j+k=8i—4j+4k. Since b+2a = (k—3i)+2(2i—j+k) =
i —2j+ 3k and ||b 4+ 2a|| = /14, it follows that the unit vector in the direction of b 4 2a is
(b + 2a)/||b+ 2al| = (i — 2j + 3k)/\/14.

20. Using the polar form of a vector, we get v = [|v]|(cosfi + sinfj) = 10(cos(27/3)i +
sin(27/3)j) = —5i 4 5V/3j.

21. The vector —3i has length 3 and it makes an angle of 7 radians with respect to the
positive z-axis. Consequently, its polar form is —3i = 3(cos mi+sin 7 j). The length of i/2 —j
is v/5/2 ~ 1.11803. We need the angle between the positive z-axis and i/2—j (notice that i/2—j
is in the fourth quadrant). From tanf; = —1/(1/2) = —2 it follows that #; = arctan(—2), and
the required angle is 27 + arctan(—2) & 5.17604 rad. Hence i/2 —j ~ 1.11803(cos5.176041 +
sin 5.17604j). Finally, let v = i — 4j (v is in the fourth quadrant). Then |Jv| = V17 ~
4.12311 and tanf, = —4, so that the angle between the positive z-axis and the vector v is

27 4 arctan(—4) ~ 4.95737 rad. Therefore, 1 — 4j ~ 4.12311(cos4.957371 + sin 4.95737j).

22. Writea = 2i4+j = (2,1,0) and b = —j — 2k = (0,—1, —2). We have to find a vector
x = (21, ®2, 23) such that a+2(x—b) = 3x+2(a—b). Expressing this equation in coordinates,
we get (2,1,0) + 2(x; — 0,22+ 1,23 + 2) = (221 + 2,222 + 3,225 + 4) for its left side and
(w1, 22, 23)+2(2—0,14+1,042) = (321 +4, 322+ 4, 3x3+4) for its right side. Consequently,
201 +2=3x1+4, 202 +3 =322 +4 and 205+ 4 = 323+ 4, and so ¥y = —2, 9 = —1 and
3 = 0;ie,x=(-2,-1,0).

23. Let v = (v1, v2,v3). Since (a+5)v = (a+5)(v1, v2,v3) = ((a+ By, (a4 B)va, (a4 F)vs)
and
av + v = a(v1,ve, v3) + B(v1, v, v3) = (v, avs, avs) + (Bui, fug, Bus)
= (avy + By, avy + Pua, avg + fug),

it follows (by the distributivity of multiplication of real numbers) that (o + §)v = av + gv.
Similarly, (af)v = (af)(v1, va,v3) = ((aB)v1, (af)va, (af)vs) and

a(fv) = a(B(vi, vz, v3)) = a(Bvr, Bus, fus) = ((Fv1), a(Pva), a(Bvs)),

together with the associativity of multiplication of real numbers prove the second identity.

24. The difference v — w of v and w can be defined as the sum v —w = v + (—w). Assume
that v,w €R? — the case of R3 is analogous. If w is represented by the directed line
segment 1@; ie, if w = (wy1,w2) = (by — a1,ba — as), where A(ay,as) and B(by, b2), then
—w = (—wy, —w2) = (a1 — b1, az — ba). Consequently, —w is represented by the directed line
segment BA. In words, to get —w from w we have to reverse the direction: the tail of —w is
the tip of w and the tip of —w is the tail of w. Once we have —w, we either use the Triangle

Law or the Parallelogram Law to construct v 4+ (—w).
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6 VECTORS, MATRICES AND APPLICATIONS

1.2. Applications in Geometry and Physics

1. The equation of the line is
0t) = (1,3)+t(3v) = (1,3) + ¢(—=3,—15) = (1 — 3¢, 3 — 15t),

where ¢ € R. If we replace 3v by a vector mv (where m # 0; clearly, mv is parallel to v), we

get infinitely many parametrizations, one for each non-zero value of m:
0t) = (1,3) + tm(—1,-5) = (1 —tm, 3 — 5tm),
where ¢ € R.

2. The equation of the line is £(t) = a+tv, where a = (3,2, 0) and v is the vector from (3,2, 0)
to (0,—1,—1);i.e., v =(—3,—-3,—1). Hence £(t) = (3,2,0)+t(—3,—-3,—1) = (3—3¢,2-3¢, 1),

bl

where t €IR.

3. The equation of the line is £(t) = a+ tv, where a = (1, 1) and v is the vector from (1,1)
to (—2,4); i.e., v.= (=3,3). Hence £(¢) = (1,1) +¢(—3,3) = (1 — 3¢t,1 4 3t), where t €R,
parametrizes the given line.

To describe the half-line starting at (1,1) in the direction towards (—2,4), we need all
vectors that point in the same direction as v. Hence £(t) = (1 — 3¢, 14 3t) with ¢ > 0 is its
parametric representation.

When ¢t = 0, £(0) = (1,1); for t = 1, we get £(1) = (—=2,4). If 0 <t < 1, then £(2) is
a point on the line between (1,1) and (—2,4). Consequently £(t) = (1 — 3¢, 1 + 3t), where
0 <t <1, describes the desired line segment.

4. The equation of the line is £(t) = a + tv, where a = (2,—2,0) and v is the vector
from (2,-2,0) to (1,1,4); i.e., v.= (=1,3,4). Hence £(t) = (2,—-2,0) +t(—1,3,4) = (2 —
t,—2 4+ 3t,4t), t €R. When t = 0, £(0) = (2,-2,0), and when ¢t = 1, £(1) = (1,1,4). To
get all points on £ that lie between (2,—2,0) and (1,1,4) we have to take 0 < ¢ < 1. Hence
0(t) = (2 —t,—243t,4t), 0 <t < 1, describes the given line segment.

5. Choose a = (2,1) and let v be the vector from (2,1) to (—1,5); i.e., v.= (=3,4). Then
L) =(2,1)+t(—3,4),t €R, is a parametric equation of the line containing the given points.
The half-line ¢/ “contains” all vectors parallel to v that are of the same direction as v. Hence
2) =(2,1) +t(—3,4) with £ > 0 parametrizes ¢'.

6. Let a = (1, —1,4). Take v to be the vector from (1, —1,4) to (2,1, =3) (hence v = (1,2, 7))
and let w be the vector from (1,—1,4) to (0,1,0) (hence w = (—1,2,—4)). From (1.4) in the

text 1t follows that the parametric equations

p=atitv+sw=(1+t—s—1+2t+2s,4—Tt—4s),
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1.2. Applications in Geometry and Physics 7

for s,1 €R, represent the given plane.

To obtain the equation in z, y and z we have to eliminate the parameters ¢ and s
from ez = 1+t —5, y=—-142t+4+2s and z = 4 — 7t — 4s. From the first and the third
equations we get 4o —z = 4(1 +¢ —s) — (4 — 7t — 4s) = 11¢. Multiply the equation for x
by 11 and replace 11t by 42 — z: so 11z = 11 4+ 11t — 11s = 11 + (42 — z) — 11s; it follows
that 11s = 11 — 7z — z. Multiply the equation for y by 11, and substitute the values for ¢
and s: hence 11y = —11 4 22t + 22s = —11 4+ (82 — 2z) + (22 — 142 — 22). Simplify to get
1ly=—4z—6x+11,ie., 2= (—6z — 11y + 11)/4.

We can generate an infinite number of parametric equations by using non-zero multiples

of the given vectors v and w in equation (1.4).

7. The rectangle in question is spanned by v = 3i and w = j; see Figure 7.

Figure 7

Let P(x,y) be a point in the rectangle, b the vector from (1,1) to P and a the vector
from the origin to (1,1). Then (p is the position vector of P) p = a+ b, where b = v/ + w'.
Since P belongs to the rectangle, v = av and 0 < a < 1. Similarly, w’ = fw and 0 < g < 1.
It follows that b = « (3i) + £j, and therefore p = i4+j+ 3ai+ £j = (1 + 3a)i+ (1 + 3)3,

0 <a,f <1, is a vector description of the rectangle.

8. The parametric equation of the plane spanned by v and w is (apply (1.4) with a = 0)
p=1v+sw=(t —2s,4t,2t + 3s), t,s €R. A point that belongs to the given parallelogram
can be expressed as v/ + w’ (see Figure 1.9 in the text). Since v/ = tv and ||v/|] < [|v]], we
must take ¢ < 1 (together with ¢ > 0). Similarly, w' = sw, where 0 < s < 1. Tt follows that
p = (t—2s,4t,2t 4+ 3s), 0 < s, < 1, describes the given parallelogram.

9. The relative position of the two cars is either of the two differences of the displacement
vectors, v =1+ 3j—k — (j+ 2k) = i+ 2j — 3k or —v. The distance between the cars is

Ivll = V4.

10. The particle will move 12-60 = 720 units in one minute. The (unit) direction of motion is
(142j—2k)/+/12 + 22 4+ (—2)? = (i+2j—2k)/3. Therefore, the relative position of the particle
with respect to its initial position after one minute is 720(i+ 2j — 2k)/3 = 240i +480j — 480k.

11. The particle moves along the line

£(t) = initial point + displacement = (3,2,4) + (3,0, —1),
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8 VECTORS, MATRICES AND APPLICATIONS

t > 0. It will cross the zy-plane when the z-coordinate of £(t) is zero; i.e., when 4 —¢ = 0 or
t = 4. The point where it crosses the plane is £(4) = (15,2, 0).

12. The location of the particle at time ¢ is given by £(t) = a+tv, where a is the initial location
and v is the velocity vector. In this case, a = (—2,1) and v = ||v||(cos(7/3),sin(r/3)) =
3(1/2,V3/2); ie., L(t) = (=2,1) + 3t(1/2,/3/2). The location after 10 seconds is £(10) =
(=2, 1) +3(10)(1/2,/3/2) = (13,1 4 154/3). The velocity is (constant throughout the motion
and equal to) 3(1/2,/3/2).

13. The information given describes the vector F in polar form. Hence

F = ||F||(cos(n/6)i+ sin(7/6)j) = 10 (@1 + %J) = 5V/3i 4 5j.

14. Place the coordinate axes so that the z-axis points east and the y-axis points north.
Then v4 = 100j and vg = 80i/v/2 + 80j/+/2 (since northeastern direction is represented by
the (unit) vector i/v/2 + j/v/2). It follows that the relative velocity of B as seen by A is
ve —va = (80i/v/2 4 80j/+/2) — 100j = (80/v/2)i + (80//2 — 100)j.

15. The position vectors of the four masses are 0,1 —2j,1+jand (i—2j)+ (1+]j) = 21 —j.
By (1.6), (total mass is M = 8)

e = §(2(0) +2(1—2j) +2(i+J) + 2(2i —j)) = (81— 4j) =i— 3j.

Therefore, the center of mass of the system is located at (1, —1/2).

16. By (1.6), cpr = ﬁ(mlrl + mars + mgrz), where cpy = (1,1) =i+j, M =2+4+243 =7,
my =2, r1 =—1+3j, my =2 ry =1i—2j and mg = 3. The vector r3 = xi + yj needs to be
determined. From

P45 = 2 (254 33) + 26— 2) + 31 + ),
we get (multiply by 7 and consider i and j components), 7= —24+2+ 3z and 7= 6 — 4 + 3y.
Thus, # = 7/3 and y = 5/3. The third mass is placed at (7/3,5/3).

17. By (1.6),cr = ﬁ(mll‘l—kmzl‘z—kmgl‘g), where ¢y = (1,0),my = 2,r; = (—1,0), my = 2,
ro = (1,—2) and r3 = (2,1). We need to find ms. Note that M = 2+ 2+ m3 = 4+ ms. From

(1,0) = o (2(—1, 0) + 2(1, —2) + ms(2, 1)),

we get
_%ms 4 o= 2Ems
4—|—m3 4—|—m3

Solving either of the two equations, we get ms = 4.

18. The direction from (0,0) to (1,1) is represented by the (unit) vector (i + j)/v/2; so
Fi = ||F1]|(i+j)/V2 = 3(i+j)/V/2. Similarly, the direction from (0, 0) to (0, —4) is represented
by the (unit) vector —j; hence Fo = ||F3||(—j) = —4j. Finally, the direction from (0,0) to
(10,1) is represented by (10i 4 j)/+/101; so, since ||F3|| = 6, we get F3 = 6(10i + j)/+/101. It
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follows that the resultant force of this system is F = Fy + F5 + F3 = (3/\/§ +60/+/101)i +
(3/V/2 — 44 6//101)j ~ 8.09154i — 1.28166j.

19. Place the triangle in the first quadrant (call it the triangle ABC) so that its vertex A is
at the origin and the side AB lies on the z-axis — thus A(0,0) and B(2,0); see Figure 19.
To find the coordinates of C'(e1, ¢2) use the fact that the distances from C to A and from C
to B must be 2. Since d(A,C) = 2, it follows that d(A,C)? = 4 and ¢} + ¢ = 4. Similarly,
d(B,C) = 2 implies that (c; — 2)? + ¢ = 4. Subtracting the second equation from the first
we get (¢ — 2)2 — c% = 0 and ¢; = 1. Consequently, ¢s = V3 and the coordinates of ¢ are
(1,v3).

We decided to solve this question so as to practice the distance formula. There are
other ways of getting C': for example, by symmetry, the z-coordinate of C' must be half-way
between 0 and 2; i.e., ¢y = 1. The y-coordinate is the height of an equilateral triangle of side
2:1.e., co =22 — 12 = /3 by the Pythagorean Theorem. Alternatively, using trigonometry,
c1 =2cos(m/3) = 2(1/2) = 1 and ¢3 = 2sin(n/3) = 2(V/3/2) = 1/3.

All masses are 1 kg. The position vectors are ¥4 = 0, rg = 2i and r¢ = i +1/3j. Since
the total mass is M = 3, we get that

enr = $(1(0) + 1(2i) + 1(i+ V3j) = 1(3i + v3j) =i+ L.

In words, the center of mass cps is located on the axis of symmetry of the triangle (one such
axis is the line through C perpendicular to AB), V/3/3 units away from the side AB.

Figure 19

20. Let v4 be the velocity of the slower cat (walking, say, along the positive z-axis) and vp
the velocity of the faster cat (walking along the positive y-axis), and assume that both cats
start from the origin. Then v4 = 101 and vg = 12j and the relative velocity of the faster cat

as seen by the slower cat is vg — v = —101 4 12j.

21. The forces are
Fy = 5(cos(n/10)i + sin(7/10)j) ~ 4.7551 + 1.545j,
Fy = 5(cos(n/b)i + sin(7/5)j) ~ 4.0451 + 2.939j,
F3 = 5(cos(m/2)i +sin(7/2)j) = bj

and

Fy = 5(cos(137/10)i + sin(137/10)j) &~ —2.939i — 4.045j.
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10 VECTORS, MATRICES AND APPLICATIONS

Their resultant is F = F1 + F5 + F3 + F4 ~ 5.8611 + 5.439j.

1.3. The Dot Product

1. Let v =(vy,...,vy) and w = (wy,...,wy). Then v.w = vywi; + ...+ vyw, and w - v =

wivy + ...+ wpv, are equal due to commutativity of multiplication of real numbers.

2. Since v-w is a real number, u-(v-w) is a vector parallel to u. On the other hand, (u-v)-w

is a scalar multiple of w, hence parallel to it. So, in general, u- (v -w) # (u-v) - w.
3. Let u = (u1,us, ug), v=(v1,ve,v3) and w = (w1, wa, wz). Then v+ w = (v; + wy,v2 +
ws, v3 + ws) and

u- (v+w)=up(vy +wr) + uz(va + wa) + us(vs + ws).

Since

u-v+u-w=uv + usvs + uzvs + uiwy + usws + usws,

it follows (by distributivity of multiplication of real numbers) that u- (v+w) =u-v+u-w.
The remaining two identities are proven in a similar way. From u = (u1, us, ug) we get

ou = (auy, aus, aug) and
(au) - v = (aup)vy + (uz)ve + (aus)vs = augvy + ausvs + augvs.

Similarly,

a(u-v) = a(uivy + usve + ugvs)

and the identity (au) - v = a(u - v) follows from the distributivity of multiplication of real

numbers.

To prove the third identity we use the commutativity of the dot product (twice) and the
identity that we have just proved:

u-(av)=(av) - u=o(v-u)=a(u- v).

4. Let v = (v1,va,...,v,) €ER™ Then

v v =(v1,va, .., 0n) - (V1,02 vn) =0 0E 4 02 = v

5. From linear algebra we know that any vector in R® can be written as a linear combination

of three (non-zero) mutually orthogonal vectors; i.e., a = ayu + ayv + aww, where ay, ay

and aw are real numbers. Computing the dot product of a with u, we get
a-u=(ayu+ayv+aww)- -u

=yl U+ AyV - U+ AW - U = qyUu-u,
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since (by orthogonality) the remaining two terms on the right side vanish. Hence a-u = ay|[ul)?
and a, = a-u/|Ju||%. The expressions for a, and a, are obtained analogously, by computing

the dot product of a with v and w.

6. Let v=2j—k and w =i+ j— 3k. From
cosf— VW _(23—k)~(1+3—3k): 5

vl liwll VB V11 V55
it follows that # = arccos(5/1/55) =~ .0.8309 rad.

7. Let 61 denote the angle at (0,3,4): it is the angle between the vectors from (0, 3,4) to
(0,3,0) (call it uy) and from (0,3,4) to (12,0,5) (call it v1). Tt follows that u; = (0,0,—4)
and vi = (12,-3,1) and

w vy =4 -1
[l [lvall — 4v/154 — /154
and therefore 6, = arccos(—1/1/154) ~ 1.6515 rad. Denote by @, the angle at (0, 3,0); that is,
05 is the angle between the vectors us = (0,0, 4) (from (0,3,0) to (0,3,4)) and vo = (12,-3,5)
(from (0,3,0) to (12,0,5)). We get

cos ) =

. 2
cosly = U2 Ve _ 0

sl [[vall — 4v/178
and @3 = arccos(5/+/178) & 1.1867 rad. Since #; + 13 + 63 = 7, it follows that d5 = 0.3034
rad.

8. Let v =(3,2,4) and w = (1,2, 7). Since v is not a scalar multiple of w (or the other way
around), v and w are not parallel. Moreover, v-w = (3,2,4) - (1,2,7) = 35 # 0 implies that
they are not orthogonal either. From (i —j—k) - (i+j) = 0 it follows that i—j—k and i+

are orthogonal.

9. Computing the dot product of the given vectors, we get

(W—V.Wv) vV=w V—V.Wv vV=w V—V.W||V||2_0
[Iv? [Iv? [Iv? ’

by the distributivity and the commutativity of the dot product, and the fact that v-v = ||v]|?.

10. Let v = (v1,v2) and w = (w1, ws) be vectors in R? If v = 0, or w = 0, or both are
zero, then both sides of the inequality are zero. So assume that v # 0 and w # 0. From

v -w = v1wi + vaws and ||v|]||w|| = \/v% + vg\/w% + w? it follows that

(v-w)? = viw! + viws + 2viwivaws
and

IVIPIw|* = viwi + v3ws + viws + v3wi.
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So, in order to prove |v - w|? < [|v||?[|w||? (and hence the given inequality, by computing
the square root) we have to show that 2viwvaws < viw? 4+ viw}. Expanding (the obvious)
inequality (vyws — v2w1)2 > 0 we get v%w% + v%w% — 2viwivaws > 0, and we are done.

The equality holds when viws — vow; = 0, i.e., if and only if vjws = vowy or vy /wy =
vo/wsy. If we set v1/wy = «, then v; = aw;; from vy/ws = a, then vy = awsy. In words,
equality holds when v and w are parallel. (If v; = 0, then v # 0 (by assumption, v # 0 so
at least one component must be non-zero) and hence vyws — vawy = 0 implies wy = 0; hence
v = (0,v2) and w = (0, wz) are parallel. Other cases with one of the coordinates equal to
zero are dealt with analogously.) The proof for vectors in R is very similar but messier.

Alternatively, we use the definition v - w = ||v||||w]|| cos @, where @ is the angle between
v and w. Then

v w| = [[v]|[[wl]] | cos 0] < [[v]] [|wl],
since |cosf| < 1. The equality holds when cos 6§ = %1; i.e., when v and w are parallel.

11. Consider the cube spanned by i, j and k with one vertex at the origin (as far as angles are
concerned, we are free to choose any cube). In that case, the (direction of the) diagonal can
be expressed as i+j+k, and hence the angle # between the diagonal and the side represented
by 11is

i-(i+j+k) 1

il +3+ k[ /3

i.e., 0 = arccos(1/v/3) ~ 0.9553 rad. The remaining two angles (between the diagonal and

cosf =

the sides represented by j and k) are computed in the same way, and are both equal to .

12. We use the following fact: if a parallelogram is spanned by vectors v and w, then its
diagonals are given by v+ w and w — v (or v — w).

Let v be the vector from (0,2, —3) to (1,1, 0) (hence v = (1,—1,3)) and w be the vector
from (0,2, —-3) to (—=1,0,1) (hence w = (—1,—2,4)). In this case, the fourth vertex of the
parallelogram is at (0, —3,7) (which is the tip of v + w). The angle between the diagonals
satisfies

cosf — (v+w) (w-—v) _ (0,-3,7)-(-2,—1,1) _ 10
v+ wl| ||w — v V5816 V348
i.e., 0 = arccos(10//348) ~ .1.0050 rad.

We have to consider two more cases. Let ¥ be the vector from (1, 1,0) to (0,2, —3) (hence
v =(—1,1,-3)) and W be the vector from (1,1,0) to (—1,0,1) (hence w = (=2,—1,1)). In
this case, the fourth vertex of the parallelogram is at (—3,0,—2). The angle between the

diagonals satisfies
(V—FW)(W—V) _ (_3a0a_2)'(_1a_2a4) _ -5
v+ wIl[[w -9 VI3V/21 RYiER

cosl =
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i.e., 0 = arccos(—5/v/273) ~ 1.8782 rad. The needed angle is 7 — 1.8782 ~ 1.2634 rad.

Finally, let v be the vector from (—1,0, 1) to (0,2, —3) (hence v = (1,2, —4)) and w be
the vector from (—1,0,1) to (1,1,0) (hence w = (2,1, —1)). In this case, the fourth vertex of
the parallelogram is at (3,3, —5). The angle between the diagonals satisfies

cos = (v+w) - (w=v) (3,3,-5-(1,-1,3) _ 15

v+ wl||w—v] ~ VA3 V11 /4T3
i.e., = arccos(—15/v/473) ~ 2.3319 rad. The angle is 7 — 2.3319 ~ 0.8097 rad.

13. The angle 8, between v and a is

v ve(viwtwly) Vv w e iwlv-
— = =
ININIEY ININIEY ININIEY
_ vy w4 IvIP) _ w4+ Iv]
ININIEY llall
since ||v|| = ||w]|. Similarly, the angle iy, between w and a is computed to be
o wea we(vw [wlv) _ vl w v
w = = =
INIIEY INIIEY [Iwl|{lall
_Awlidiwl? +w-v) _ [Iwll* +w - v
[Iwllllall llall
By assumption, ||v|| = ||w]|, and therefore cosfy = cosfly, and since (in the definition of

the angle between two vectors there is a requirement that 0 < 0y, 0y < 7) it follows that

Oy = Oy.

14. The work of a force F acting at an angle # on an object is given by W = F - d, where
d is the displacement vector. In our case, d = (3 —1,—-2—1) = (2,-3) (so ||d|| = V13),
[|F|| = 10, 6§ = w/3 and hence W = 10v/13 cos(n/3) = 5+/13.

15. Leta=1i+2j,v=i+jand w =1i—j. Vectors v and w are orthogonal (v -w = 0) and
hence a = ayVv+aww, where ayv = prya = (a-v/||v||?)v and aww = prya = (a-w/||w||*)w

are the vector orthogonal projections of a onto v and w; see (1.11) and the text following it.

Since G+2)-(G45) . v s
WV =T i =siy)
and G+2) G-j) . . L
SN (T E D

the desired decomposition is

a=i+2=3(+j)—1G-J).

16. Letu = (i+j—k)/vV3, v=(>1—-j)/VvV2and w = (i+j+ 2k)/V/6. First, we check
that all vectors have length 1: |Ju|| = \/(1/\/3)2 +(1/V3)2 4+ (=1/V3)2 = /3/3=1, ||v] =
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VAV + (1722 = /272 = Land [[wl) = \/(1/V6)? + (1/V6)? + (2/v6)? = /66 =
L. Fromu-v = (1/V3)(1/V2)i+j-k) - i—-j) = (1I/V3)(1/V2)(1 -1) = 0,u-w =
(1/V/3) (VB 4§ (-+5+21) = (1/v/3) (1/v/B)(1+1-2) = 0 and vw = (1/v2)(1/V6) i~
J)-(i4+j+2Kk) = (1/v/2)(1/v6)(1 — 1) = 0 it follows that the three vectors are orthogonal to

each other. Therefore, {u,v,w} is an orthonormal set of vectors.

17. Using the formula of Example 1.26, we get 3(x — 0) + 0(y + 2) — 1(z — 2) = 0; i.e.,
3r—2+4+2=0.

18. According to Example 1.26, we need to find a normal vector to the given plane. In other
words, we need to find a vector n = (a, b, ¢) that is perpendicular to both vi = (1,6, 0) (vector
from (0,—-2,3) to (1,4,3)) and vy = (—=1,9,—3) (vector from (0,—2,3) to (—1,7,0)). From
n-vi=0andn-vs =0 we get a +6b =0 and —a + 95 — 3¢ = 0. Pick b6 = 1; then a = —6,
and from 6 + 9 — 3¢ = 0 we get ¢ = 5. Thus, n = (=6, 1,5), and the equation (1.12) of the
plane 1s

—6(z —0) + 1(y +2) +5(z — 3) = 0,

le., —6z+y+5z—13=0.

Comments: we could have chosen vectors that lie in the plane in several ways; also, we
could have used any of the given points to substitute into the equation (1.12). Of course, in
any case, we get the same equation. In Section 1.5 we will discover an easier way of computing

a normal vector, using the cross product of vectors.

19. The fact that the plane must be perpendicular to the line 1(t) = (2+3t,1 —¢,7),t € R,
implies that the vector (3,—1,0) (direction vector of the line) is, at the same time, normal
vector to the plane. Using (1.12), we get 3(x+2)—1(y —1)+0(# —4) =0, i.e.,3z—y+7=0.

20. From the definition, we get v-u = [|v]| [|u|| cos @ = ||v]|| cos 8, since ||u|| = 1 by assumption.
From the fact that cos# < 1 we conclude that v - u is the largest when cosf = 1; 1.e., when
f = 0. In other words, v - u is the largest when u is parallel to v and of the same direction as
v; shortly, when u = v/||v||. Similarly, v - u is the smallest when cos@ = —1; i.e., when 6 = 7.
In this case u = —v/||v|| (so u is parallel to v but of the opposite direction). Since u and v
are non-zero vectors, v -u = 0 implies that § = 7/2. So directions u such that v -u = 0 are

directions perpendicular to v (i.e., belong to the plane perpendicular to v).

21. According to the formula of Example 1.26, we need a point (and we have it — the
origin) and a normal vector n. Take n to be the vector from (3,2, —1) to (0,0,7) (we could
have taken the vector in the opposite direction — it would not make any difference). Then
n = (—3,-2,8) and the equation of the plane is —3(z — 0) — 2(y — 0) + 8(z — 0) = 0; i.e,,
3z + 2y —82=0.
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22. Let a = 3i — 2j. We have to compute the scalar projection of a onto the line passing
through (2, —1) and (0,4). The direction of that line is given by the vector v = —2i+ 5j, and

so the scalar projection is

. 9N (9545 .
lprval) = 2L 2 G =20 (2] [Z16] g o7y
vl | = 2i + 5j]| V29

23. Consider a constant force F moving an object around a triangle ABC": first from A to B,
then to C' and then back to A. Let a, b and ¢ be the vectors represented by the directed line
segments 1@, BC and CA respectively. The work along AR is the dot product of the force
and the displacement vector; i.e., it 1s equal to F - a. Similarly, the work along the remaining
two sides is F-b and F - ¢, and the total work of Fis W =F-a4+F-b+F-c=F (a+b+c).
Since ¢ = —b — a, it follows that W = 0.

An analogous proof works for any polygon. The key fact that is needed is that if the
sides of a polygon are oriented so that the terminal point of one side is the initial point
of the neighboring one (i.e., all sides are oriented counterclockwise, or all sides are oriented
clockwise), then the vector sum of all directed line segments thus obtained is zero. As above,

the work of F is the dot product of F and the vector sum of all sides, which is zero.

24. A vector u = (uy,us, uz) €R3 that is parallel to the yz-plane must satisfy u; = 0; i.e.,
u=(0,us,us). Let v=1i1+j— 2k = (1,1, -2). From u - v = 0 it follows that us — 2uz = 0.
Finally, [|u|| = 1 implies |[u]|> = 1, and hence uZ 4+ u3 = 1. Combining the two equations,
we get (2uz)? +ui = 1; ie., uj = 1/5 and uz = +1//5. From us = 2usz it follows that
us = +£2//5. So there are two vectors that satisfy the given conditions: 2i/v/5 +j/v/5 and
—2i/v5 = j/ V5.

25. Fromu-v = (i+j—2k)-(2j+k) = 2—2 = 0, u-w = (i+j—2k)-(bi—j+2k) = 5—1—-4 = 0 and
v-w = (2j+k) - (5i—j+2k) = =242 = 0, it follows that u, v and w are mutually orthogonal.
From the three-dimensional version of Theorem 1.6 (the formula appears immediately after
the proof; see also Exercise 5) we get (replace a by 1) i = éyu + iy Vv + iww, where iy =

i-u/ul)?=1/6,iy =1i-v/||v[]? =0 and iy, = i-w/||w||? = 1/6. Thus i = u/6 + w/6.

26. We want to find all unit vectors w = wii + waj + wsk in R3 such that u-w = 0 and
v.-w = 0. From u-w = 0 we get wy — 2ws + wz = 0, and from v - w = 0 it follows that
w1 4+ ws +ws = 0. Subtracting the two equations we get that —3ws = 0, hence ws = 0. In that
case, wg = —wi and so wii — wik represents all vectors perpendicular to u and v. Adjusting
its length, we get

wli—wlk 1 w1

V2wl V2wl

W =

. 1.
(i-k) = iﬁ(l—k).

27. We will show that any vector a € R perpendicular to all three of u, v and w must be a

zero vector. Since u, v and w are mutually orthogonal, it follows that (see Theorem 1.6 and
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the text immediately following it) a = ayu + ayv + aww, for some real numbers ay, ay and
avw . Computing the dot product of a with u, we get a-u = aqyu-u+ v-u+ w - u. Since a
must be orthogonal to u and u, v and w are mutually orthogonal, it follows that a -u = 0,
v-u=0and w-u =0, and so 0 = ay|ju||* and a, = 0, since u is a non-zero vector by
assumption. Computing the dot product of a with v and w and proceeding as above, we will
get ay = 0 and ay = 0, so that a = 0. Therefore, in R3, there cannot exist four (or more)

mutually orthogonal vectors).

28. (a) Substituting given quantities into p = a + v + sw, we get
(xa Y, Z) = (axa Qy,s az) + t(vxa Vy, vz) + 5(wxa Wy wz)~
Rewriting this equation in components, we obtain & = a; + tvy + swg, ¥y = ay + tvy + swy
and z = a, + tv, + sw,.
(b) From the equations for # and y in (a), we get tv, + swy, = & — ap and tvy + swy, = Yy — ay.
Multiplying the first equation by vy, the second by —v;, and adding them up, we get
s(UyWe — VpWy) = TUy — YUy — Qply + AyVsg,

and

TUy — YUy — ApUy + ayVy

Uy Wy — UpWy

5 =

Similarly, we get
/= TWy — YWy — Az Wy + ayWy

Vp Wy — Vy Wy
Substituting expressions for s and ¢ into z = a, + tv, + sw, and multiplying by the common

denominator vyw; — vpwy, yields
(UyWe — Vpwy)z = a; (VyWy — Upty) — (BWy — YWg )Vs + Ag¥; Wy — dyV; Wy
+ (zvy — Yoo )W, — AzVyw; + AyUzw,.

This equation can be simplified to Az + By + Cz 4+ D = 0, where A = vyw, —v,wy, B =

UV Wy — VpWs, C' = vpwy — vyw, and
D = ap(vowy — vyw,) — ay(v; Wy — Vo) + @, (Vywe — vpwy).

Note: familiarity with concepts that will be defined in Section 1.5 will help us recognize A,
B and C as i, j and k components of the cross product of vectors v and w. Since the cross

product of v and w is perpendicular to both vectors, the vector (A, B,C) is normal to the
Ay Gy @
plane. The coefficient —D is equal to the determinant | v, v, v, |, see Section 1.4.

Wy Wy W,

29. Let p = (x,y, 2). Then from (z,y,2) = (2,0, —1)+¢(0,—1,1)+5(3,0, 1) we get x = 2+43s,
y=—t and z = —1+1+ s. Substituting s = (# — 2)/3 and ¢t = —y into the equation for z, we
get z=—1—y+ (¢ —2)/3,ie, —z+3y+32+5=0.
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30. We have to transform the equation 3z +y — 2z + 1 = 0 into the equation of the form
P = a+tv + sw, where a is a point in the plane and v and w are non-parallel vectors,
perpendicular to the normal vector n = (3,1, —1).

Take # =1 and y = 0. From 3z + y — 2+ 1 = 0 we get z = 4, and thus a = (1,0,4) is a
point in the given plane.

We need to find a vector v = (vg, vy, v;) fromn-v = 3v,+ vy —v, = 0. Take v, = 0; then
vy = v;. Thus, any vector of the form (0, vy, vy), vy # 0, is perpendicular to the normal vector
n = (3,1, —1). Take, for instance, v = (0, 2,2). Next, we look for a vector w = (w,, wy, w;)
that satisfies n - w = 3w, + wy — w, = 0, and is not parallel to v. Take w, = 0 (that will
guarantee that w is not parallel to v!), then w, = 3w;. So, any vector of the form (wy, 0, 3w,),
wy # 0, will do. Let w = (1,0, 3). Thus, the desired equation is

p=(1,0,4)+1(0,2,2) + s(1,0,3),

where s,¢ €IR. Note: there is a faster way of obtaining parametric equations: recall that we
need to solve 3z + y — z+ 1 = 0. We have one equation with three unknowns, so we take two

as parameters, say, t = s and y =¢. Then 3s+¢t—2+1=0,1.e, 2z =3s+1¢+ 1. Thus,
(z,y,2) = (s,4,3s+t+ 1) =(0,0,1) + ¢(0,1,1) + s(1,0, 3),

where s, €R.

31. We need to solve Az + By+Cz+D = 0 for #, y and z (clearly, at least one of A or B or C
must be non-zero). Assuming that C' # 0, we take # =t and y = s. Then At+Bs+Cz+D =0
implies that z = —D/C — At/C — Bs/C, and

(2,y,2) = (5, - — gt — &) = (0,0,.—=8) +1(1,0,—&) + (0,1, - Z).

Thus, p = a+tv + sw, where a = (0,0,-D/C), v = (1,0,—-A/C), w = (0,1,—B/C) and
t,s €R (clearly, v and w are non-parallel). Similar parametric equations are obtained when

A#0or B#£0.

1.4. Matrices and Determinants

1. Using elementary matrix operations,
1 1 1 -1 1
23—16[2:20 > — 16 0 = 0 10 — 60 = 6 0 .
4 0 0 1 8 0 0 16 8 —16

2. Using elementary matrix operations,

10
0 51[0 5 16 0 2 —1 1
B? — 161, + AC = — 12
612+ AC [4 0H4 0] [016]+[0 5 4] s
20 0 16 0] [0 =3]_[4 -3
1o 20 0 16 7 —14] " |7 -10]"
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18 VECTORS, MATRICES AND APPLICATIONS

3. Since C'is a 3 x 2 matrix and B a 2 x 2 matrix, the product C'B is defined and is a 3 x 2
matrix. The product BA is defined, and is a 2 x 3 matrix. Since C'B and BA are not of the
same type, the difference C'B — BA is not defined.

4. The product C'A is a 3 x 3 matrix, and so the expression /3 —3C'A is defined and is a 3 x 3
matrix. We get

1 0 07 (1 0
2 -1 1
Is—3CA=|0 1 0f—-3 1 2
0 =5 4
L0 0 1] L 3 1
1 0 07 [—2 1 -1 T -3 3
=0 1 0f-=-3| 2 -11 91 =1 -6 34 -=27].
LO 0 1. L 6 2 -1 —-18 -6 4

5. The product AC is a 2 x 2 matrix, and consequently, the expression AC' + 5 is defined.

Its value 1s
—1 0
2 -1 1 1 0 0 -3 1 0 1 -3
A I, = 1 2 = = .
Cth [0 -5 4][ 5 _J*[o 1] [7 44]*[0 1] [7 —13]

6. The product C'A 1s a 3 x 3 matrix, and so 1s the sum I3 + C'A. Since A is a 2 x 3 matrix,
the product A(Iz + C'A) is defined and is a 2 x 3 matrix. We get

(2 —1 1] (10 0] -1 0 2 -1 1
Alls+CA) =0 - 01 0f+] 1 2 [0 ; 4]
- “\L0 0 1] | 3 -1

o 1 1 10 07 -2 1 -1
=1, s 01 0|+ 2 -11 9])
- o 0o 1] | 6 2 —1
CREER R L= 9 14 —11
“lo =5 4] 2 7109 :[14 58 —45]'

. ‘L6 2 0]

7. The product BA is defined, and is equal to the 2 x 3 matrix
0 5][2 -1 1 0 =25 20
BaA= [4 0] [0 -5 4] - [8 —4 4]'
Since C'is of type 3 x 2, the product C'(BA) is defined. Tts value is

-1 0 0 95 90 0 25 =20
C(BA):[ 1 2] [8 __4 4]:[16 -33 28].

3 -1 -8 —71 56

8. The product C'A 1s defined, and is a 3 x 3 matrix. Since the number of columns of C'A is
not equal to the number of rows of B, the product (C'A)B is not defined.
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1.4. Matrices and Determinants 19

9. The product AC is of type 2 x 2, hence (AC)? = (AC)(AC) is also of type 2 x 2. Since
B? is a 2 x 2 matrix, the expression (AC)? + 4B? is defined. From

S |
e e | e B e |
s=[00 =1%o

(AC)2+432:[—21 42]+[80 0]:[ 59 42].

we get

Since

1t follows that

—-98 175 0 80 —98 255

10. The assumption A = B states that a;; = b;; for all ¢, j. Adding ¢;; to both sides, we get
az; + ¢ij = bi; + ¢;; for all 7, j. Since the corresponding entries in A + C and B 4 (' are equal,
it follows that A + C' = B 4 C. Similarly, multiplying a;; = b;; by o we get aa;; = ab;; for
all 7, j, and so oA = aB.

11. We use properties of matrix operations. From 34 — X = [, + 4(C — X)) it follows that
3X =1, 4+4C —3A and X = (J2 +4C — 3A4)/3. Hence

o1 1 0 n 0 4 B 6 -3 _1 -5 7 _ —5/3 7/3 .
3 0 1 4 0 12 0 31-8 1 —-8/3 1/3
12. From X = 4BC — X 1t follows that 2X = 4BC and so

X:QBC:Q[lO 1] [0 1]:2[1 10]:[2 20].
0 0JL1 O 0 0 0 0

11 L12

13. Let X = [ ] . Then AX = B implies

|:2 —1:| |:l‘11 l‘12:| _ [10 1:|
4 0 a1 o9 o 0 0

21 22

and
21‘11 — 91 Ql‘lz—l‘zz _ 10 1
41‘11 41‘12 o 0 0 ’
Comparing corresponding entries, we get 2x1; — w21 = 10, 2212 — 292 = 1, 4217 = 0 and
4x15 = 0. It follows that 17 = z12 = 0, and so x3; = —10 and x99 = —1, and hence

X = 0 0 .
-10 -1
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20 VECTORS, MATRICES AND APPLICATIONS

14. By definition,

Similarly,

15. The map F¢ is given by Fo(v) = C' - v, where v € R?. If v = (v1, v3), then

e =re () =0 o] (2] =[]

In words, F¢ switches the z- and y-components of a vector. Geometrically, F¢ is a mapping

that assigns to a vector its symmetric image with respect to the line y = . Similarly,

1 0
Frv)=Fr (| '|]= EINE
(2] 0 1 (2] (2]
1.e., Fy, is the identity mapping: it maps a vector to itself.

1 1

AT - AA — 0 0 _ 0 0

0 0][0 O 0 0

AB — 0 1[4 7 _ 0 0 .

0 0J[0 O 0 0

0 0
3 11

=7 oy wl=[o o)

Remark: by replacing the entry 1 in A by a non-zero real number, and the entries 3 and 11

16. Clearly,

and

0 0
Consider A = [1 0] and B = [ ] . Their product 1s computed to be

by two real numbers (at least one should be non-zero), we get an infinite number of non-zero
matrices A and B such that AB = 0.

17. By definition,

det
s

4
] ]:3~3—4~4:—7.

18. By definition,

-1 9
det =—1-1—-9-0=-—1.
‘ [ 0 1]

19. By definition,

0 in 0
det COS, St —rcos’f +rsin’f = r.
—rsinf  rcosf
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