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Chapter One

Problem 1.1 (i): Expanding the expression
Fij0k = Fi101k + Fiagx + Fizk

Of the three terms on the right hand side, only one is nonzero. It is equal to Fj; if k = 1,
Fpp if k =2, or Fi3 if kK = 3. Thus, it is simply equal to Fi.

Problem 1.1 (ii):
0ii =011+ 02 +033=1+1+1=3

Problem 1.1 (iii): By Part (i) of this problem, with Fj; = 0;;, the result follows
immediately.

Problem 1.1 (iv): Using the € — ¢ identity, we obtain (0;;0;; = d;; = 3)

EijkEijk = 04055 — 03505 =9—3 =6

Problem 1.1 (v):
AiAjeijr = —AiAjejin = —AjAigjic = —AiAjeijn

where, in going from the third to the fourth expression, subscript % is renamed as j and j is
renamed as . Since the only real number that is equal to its own negative is zero, the result
follows.

Problem 1.1 (vi): The result follows by definition. A cyclic permutation of %, j, and
k does not change the value. Interchanging of any two subscripts, which is equivalent to
permutation in the opposite direction, changes the sign.

Problem 1.2 (i): We have

(A x B) x (C x D) = [(4:8:) X (Bj;)] X [(Cmém) X (Dnn)]
= (A;Bjeijr€x) X (CrnDnémnp€p)
= AiBijDnaijkEmnpskprér
= AiBijDnEmnp ((jipfsjr - 5ir6jp) &,
= ApBrCriDynémnp€r — Ar BpCrm DnEmnp€r
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where we have used the € — ¢ identity. Since B;&, = B, CrnDpemnpAp = C x D+ A, and
SO on, we can write

(AxB)x(CxD)=[A-(CxD)B-[B-(CxD)A

Although the above vector identity is established using an orthonormal basis, it holds in a
general coordinate system. Also, it can be shown that

(AxB)x (CxD)=[D-(AxB)]C-[C-(AxB)|D

Problem 1.2 (ii):We begin with

(A x B) - (C x D) = (Ai&) x (Bj&;) - (Crném) X (Dnén)
= (AiBjEijkék) : (CmDnEmnpép)
= AiBijDnEijkEmnpékp
= AiBijDnEijkEmnk
= AiBijDn(Jim(Sjn - Jinéjm)
= A;B;CrmDpbimbn — AiB;CrmDndindim

where we have used the € — & identity. Since Cpéim = C; (or Ajdim = Ap), and
A;C; = A - C, and so on, we can write

(AxB)-(CxD)= A;B;C;Dj — A;B;C;D;
=(A-C)(B-D)-(A-D)(B-C)

New Problem 1.1 &:

Problem: Show that the dot and cross can be interchanged without changing the value in

the scalar triple product
A -BxC=AxB:-C

Solution: We have

A-BxC =Aiéi . BjCkEjkmém = A,‘BjCkEjkméim
=A;iB;Ckejri = A;BjCieijr = AXB-C

Since 1, 7, and k can be permuted in a cyclic order, it also follows that
AiBjCkE-,;jk=C'AXB=B-CXA

A BxC=AxB-C=C-AxB=CxA-B=B-CxA=BxC-A
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Problem 1.2 (iii): Using Part (i) of this problem, we can write
BxC)x(CxA)=B-(CxA)JC-[C-(CxA)B=B:-(CxA)JC-0
and then

(AxB) - [(BxC)x(CxB)]=(AxB)-[B-(CxA)C
=[AxB-C]B-(C x A)]
=[A-BxC)?

where the identities of the New Problem 1.1 are used to arrive at the last step.
Problem 1.2 (iv):

(AB)T = (4;;8:8;Bnémé,)T
= AijBmn(8:8;8mén)T
= AijBmn€,&né;&;
= (anéném)(Aijéjéi)
= B)TA)T

Problem 1.3: Let the new coordinate system be the barred coordinate system. We have

1- él = cos 90 = aii, él 'éz =cos0 = aiz, él -é3 =cos90 = ais

o»

Py

eg'é1=—COS45=G.21, éz'é2=00590=a22, ég-é3=COS45=0.23
ég-él=COS45=a31, é3'é2=C0890=a32, é3-é3=cos45=a33

Thus the transformation matrix is

0 1 0

1 1
=17 Y ¥z
L 0 L

2 V2

Problem 1.4: Using the result of Problem 1.2(iv) and [4]7 = [4], we have
(IBIT[AIB)T = (AIB)T ((BI)T = (B [A]"(B] = (BI"[4][B]

Problem 1.5 (i): Since
[A][B)] = |[A]lI[B]]

and |[A]] # 0 and |[B]] # 0, it follows that |[A][B]| # 0. Hence [A][B] is nonsingular.
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Problem 1.5 (ii): By definiton of an inverse we have
([AIBD(AIB) ™ = [1]
Now premultiplying both sides with the inverse of [A], we obtain
[AIHAIB)((A]B) ™! = [4]7H1] = [4]™

[BI([A]B) ™" = [4]7'[1] = [4]™

Next premultiply both sides with the inverse of [B] and obtain

(B (BI(AIB)™! = (BI7HA]™" or ([AIB)~ = [BI7' A"

Problem 1.6 (a): The matrix form of the equations is

2 -1 -1 T 2
1 2 1 ] = 2
4 -8 -5 z3 2

Using Cramer’s rule we obtain

n= it 2 |- piosn s cin-n - cio-a -
1 2 2 -1 1 .

) m}l g _é —-W[Z(—10—2)—2(_5_4)_(2_8)]:l__l
L]2 -1 o2 :

s W}l _g g=m[2(4+16)+(2—8)+2(—8_8)]=|__|

where the determinant |A| of the coefficient matrix is

2 -1 -1
[Al=]1 2 1{=2(-10+8)+(-5-4)—(-8-8)=3
4 -8 -5

Hence, 1 = 4/3,z2 = 0, and z3 = 2/3.

Problem 1.6 (b): The matrix form of the equations is

2 -1 0 I 1
—1 4 -1 xZ9 - 2
0 -1 2 T3 1
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Using Cramer’s rule we obtain

[P -1 0 12

1} 21 0y 12
CEQ—W -(1) ? -1 lA|[(4+1) (— 2—0)—0]—m

1| 2 L 1b oy 12
=1 —(1) _4; ? IAl[(4+2) (- 1—0)+(1—0)]—|—A—l

where the determinant |A| of the coefficient matrix is

2 -1 0
Al=|-1 4 -1|=2(8-1)+(-2-0)-0=12
0 -1 2

Hence, z1 = 29 = z3 = 1.

Problem 1.7: First note the identity

_a_ 3u1+21ﬁ _w.._(?_ %4.% +a_uﬁ 6’ui+_3_’Li];
8 a.'E] B:L‘,; - 13.’13_7' aa:,- 3.’1:1' a.'rj sz 6.’1,‘,'

Therefore

ou; BuJ ow; { Ou; 3u] / _8_ . Ou; a_ul
- ‘9z, (az, 3x1)dv_/naxj (axj 61:,) o 9z, 6:::]+6$,- v

where Eq. (1.5-2b) is used.

Problem 1.8: Let V2% = u. Then using Eq. (1.5-9) [with % = ¢, f = 1, and ¢ = u] we
obtain

/tpv4wdv=/(szudvz—fV<p-Vudv+fgo@-ds
Q Q Q r on

Once again using Eq. (1.5-9)

—/th-Vudv=/uV2<pdv—]{u6—(pds
0 Q r on

Thus we have

/ OV dv = / V2V20 dv + f a(v2¢ ds — ﬁ v%%% ds
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Problem 1.9 (i): We have

(I X A) - P = (Jijéiéj X Akék) . (@mnémén)
= (Are;jre€;€e) - (Prnn€méy)
=Ak®mn6jkg52méjén
=Ak@mn6jkméjén
=Ax®

Problem 1.9 (ii): We have

(@ x A)T = (0;;8:8; x Axér)”
= (0 Arejkebiee)”

=®,; Ar€jre€e€;

=—Ax®T

Problem 1.10: Suppose that {X} # {0} and the determinant of [A — AI] is not zero.
Since the determinant is not zero it has an inverse. Therefore we have

{X} =[A-2171{0} = {0}

which contradicts the hypothesis that {X} # {0}.
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