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Solutions
Section 1-1.

1. AD = A0 so A(a?) = a(AD) = a(AD) = A(aD).

2. <frg+h>:<g+h'f>:<g'f>+<h'f>:<g'f)+(h'f):(f'g)+<f'h)

3. Lys +y2l = ag()y1 +v2] + a1 ()1 + 321"+ a,()[ys + 321" =
ao(X)y1 + ag(x)y, + a1 (xX)y1 + a1 () y; + ax () y1"+az (0)y; =
ao()y1 + a; (N)y1 + a;()y," +ag®yz+a; X)yz+a(®)y," = Lly,] + Ly2].
Llay] = ao(x)(ay) + a; () (ay)’ + ay(x)(ay)" =

alag(x)(y) + a; () () + a,(x)()"] = aLly].

4. (af,g) = [, af ()g@) dx = a [, fF()g(x) dx = alf, g).

b b b
mg+m=fﬂ@wwwm@mu=fﬂ@wwmu+fﬂ@wwwx
= (f.9) + (..

b JR—
<ﬁm=ffumqu

b . b b
=ffwmwﬂx=ff&m&wx=fg@ﬁwmx=w1)

b
(£, f) =f |f (x)|?dx = 0.

Note that if f(x)is continuous and f (x) is not identically 0 on [a, b], then

there is an interval in [a, b] where |f(x)| > 0. Thus

b
j |f (x)|?dx > 0.
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This is not necessarily true if we do not require f(x) to be continuous. For example

_(Oifx#a
f(x)_{l ifx=a

In a setting that uses measure theory, one groups into a single class functions that are equal
“almost everywhere” and we can then not require the functions to be continuous but merely
integrable.

5. This is nearly identical to problem 4. We require w(x) > 0 to ensure (f, f),, > 0 if f #
0.

6. (b.)

E
St

+

D
I

25.89
i- + 5v24 ~ 25.89; T .995; cos~1.995 =~ .092 radians.

(c.) The arc length s subtended by an angle 6 (measured in radians) of a circle of radius r

is s =r60.S0 s = V26feet(.092) ~ .469 feet.

1

7. Ly, ys) = f Ly, (0] y () dx = f [(1 = x2)y," () — 2292/ ()] y, () dx.
-1

-1
1
Integrate j [(1—x%)y;"(x)] y,(x)dx by parts with
-1
u=(1-x)y,(x), du=y;(x) —2xy,(x) — x*y;(x)
dv=y,"(x), v=uy'(x).

Then

f [(1 = x2)y," ()] y,(¥)dx
-1
1
= (1= 2y, (1L — f [y, () ¥4 () — 2xyL (1), ()

X2y, ()l dx
=~ | DA 9300 - 20012 () — 29500 ()N
-1

Thus


https://ebookyab.ir/solution-manual-mathematical-physics-with-partial-differential-equations-kirkwood/

https://ebookyab.ir/solution-manual-mathematical-physics-with-partial-differential-equations-kirkwood/
Email: ebookyab.ir@gmail.com, Phone:+989359542944 (Telegram, WhatsApp, Eitaa)

1
] [(1 = x2)y,"(x) — 229, ()] y2 () dlx
-1
- - f (0 5 () — 227, 0y, (%) — x5 (v (O] dx
- f 229, (1), (X dx = — f (1 - 22 v, )y (0 dx.
-1 -1

Similarly,

1

(yu, Lyz) = f_lh(x)[(l — x2)y,"(x) = 2xy," (x)] dx = — f—1(1 —x%) y1 (), (x)]dx.

8. Foreachpart f(x) = A cos(ﬁx) + B sin(ﬁx). We find A and A and B that satisfy the
boundary conditions.

(@) f(0)=AsoA=0and f(x) = Bsin(ﬁx). f(m) = Bsin(\ﬁn) =0 so Vit =

nm and so A = n%. Thus the eigenfunctions are B sinn x.

(b.) f(0)=AsoA=0andf(x) =B sin(\/Ix). f(L)=B sin(\/IL) =0 so VAL =

nm and so A = (nmr/L)2. Thus the eigenfunctions are B sin(nn/L) x.
(c.) f(—1/2) = Acos(—Var/2) + B sin(—Van/2) = Acos(VAr/2) — B sin(vAr/2) = 0
f(m/2)=A cos(ﬁn/Z) + B sin(ﬁn/Z) = 0.

2Acos<@> =0s0oA=0o0r V1=2n+1; also 235in<@) =0 so B=0orv2a
= 2n.
Thus, the eigenfunctions are f(x) = cos[(2n + 1)x] and f(x) = sin(2nx).
(d.) f(—L) = Acos(—VAL) + Bsin(—VAL) = Acos(vVAL) — Bsin(VAL) = 0
f(/2) = Acos(VAL) + B sin(vVAL) = 0.

1
(n+35)m
2Acos(\/IL)=OsoA=Oor\/I= LZ ; also ZBsin(\/IL)=0 so B=0orvi
_nm
T

9. We know (by definition of a basis) every vector in V can be written as a linear combination
of X4, ..., X,. We show the representation is unique. Suppose
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V=aq% + - +ay,X, and ¥ = b;X; + -+ + b, X,.
Then 0 =% — 9 = (a; — b))%, + -+ (a, — b,)X,. Since {X,, ..., %,} is a linearly
independent set, each a; — b; = 0.
10. If {X4, ..., %, }is an orthonormal basis then Y7, a; b(X;, X;) = X.i=, a; b;.
11. (@) TE) =T@) then0=TR) -THP) = (X —9) sox=7.
(b.) We show {T (%), ..., T(X,,)} is a linearly independent set. Suppose
0=a,T(X)++a,T&,) =T(a,%; + -+ a,%,).Then a;%; + -+ a,x, =

0.Since {X;, ..., X,,} is a basis, each a; = 0.
In an n — dimensional vector space, any set of n linearly independent vectors is a basis.

12.
T(f) = af"(t) + bf'(t) is linearly independent,

T(f) = af"(t) + bf'(t) + 1is not linearly independent,
T(f) = etf'(t) islinearly independent,
T(f) = (f(t))? is not linearly independent.

13. We have {(x,x1) =1, (x3,%3) =1, (x1,%3) =0, (Txy, Txy) =1, (Tx,, Tx,) = 1,
(Txl, Tx2> s 0.

Let X = ax; + bx,.Then in the real number case, (for complex numbers we must introduce
complex conjugates but the technique is the same )

(Tx,TX) = (T(ax, + bx,),T(ax; + bx,)) = (aT (x;) + bT(x;),aT (x;) + bT(x;))
= a®(Txy, Tx,) + 2ab{Tx,,Tx,) + b*(Tx,, Tx,) = a? + b>.

14. If
0if j #i

T(fl) = alifl + -+ anifn = Aifi then Cljl' = {A lfl =]
l

15. (a.) Since we are in the real numbers (X, V) = (y,%). Then

10
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(UE+9),UE+9)=(Ux+ Uy UX+UY) = (UX,U%) + 2(U%, U) + (UY, UP)
= (%,%) + 2(UX,U9) + (9, 9)

(E+9),E+9))=E+79,2+7) =(X%)+2%9)+(7,7)
andsince (U(X + 9),U(X +9)) =((Xx + ), (X + y)) we have (UX, Uy) = (X, V).
(b.) This says orthogonal transformations preserve angles as well as length.
16.(a.) Let P(x) € V.Then P(x) = ay + a;x + a,x? + - + a,x"a,x"
so P(x) is a linear combination of {1, x, ..., x"}.

If P(x) = 0,then each a; = 0.
d
T(1)=a(1)=O=0-1+0x+0x2+---+0x”
d
T(x)=ﬁ(x)=1=1-1+0x+0x2+~--+0x"

d
T(x2)=a(x2)=2x=0=0-1+2x+0x2+---+0x"

d
T(x") = ﬁ(x") =nx"1=0=0-1+2x+0x% 4+ --nx™1 + 0x"

so the matrix of T with respect to this basis is
/0 10 - 0\
0 0 0

2
00 0 - ]
ki P n)
000 0 0

(c.) T(V) is the vector space of polynomials with real coefficients of degree
n — 1 orless. A basisis {1, x, ..., x" 1}. The dimension of T(V) is n.

17.Suppose T(%) = 0 and T(9) = 0.Then T(aX + bP) = aT(X) + bT(H) = ald + b0 = 0. The
kernel of T for parts (a.) and (b.) is the constant polynomials.

11
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Section 1-2

1. The area of the parallelogram formed by B and C is ||§|| ||C|||sin 6| where 6 is the angle
formed by B and C. See Figure 1. The volume of the parallelepiped formed by the non-coplanar
vectors 4, B and C is the area of the parallelogram formed by B and € multiplied by the
length of A and sin ¢ where ¢ is the angle A makes with the plane formed by B and C. Now

B x C is perpendicular to the plane formed by B and € so the volume of the parallelepiped is
the area of the parallelogram formed by B and € multiplied by the length of A and cos «

where « is the angle A makes with B x C. See Figure 1.
Now ||I§|| ||f|||sin9| = ||§ X é|| so the volume of the parallelepiped is

1B x C|| [|4]| cos ¢ = |4 (B x C)].

A t
!
!
/
/
— I
bxc a ,’r
!
!
!
¢ T base
4 —
//\9 b
Figure 1

2.(a) Spherical coordinates:

x=rcosesinf,y = rsingsinf,z =rsingsinf

=rcos@sin@i+rsingsinfj+rcosh k.

Orthogonality:

or -
%zrcos<pcos€i+rsin<pcos€j—rsin9k
or

ap
or
or

= —rsingsinfi+rcos@sinfj

= cos@sin@i+singsinbj+cosbk
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or or . : : :
(z7,7—) =1%*(—cos @ cosBsinpsinf + sin g cos 6 cos @ sinf) = 0
20’ d¢
(af af)-— (—singsing in6 + in 6 sin @ sin#) = 0
90 90 = r(—sin ¢ sin 6 cos ¢ sin 6 + cos @ sin  sin ¢ sin H) =
ot orf
(

%'E) = r(cos ¢ cos 6 cos ¢ sin 6 + sin ¢ cos O sin ¢ sin & — sin 6 cos 0)
= r[(cos?¢ + sin?¢p) cos O sin @ — sin O cos §] = 0.

Scaling factors:
or
a0
= ry/cos26(cos2¢ + sinZ¢) + sin26 = r

h1:h9:

| = \/(r cos ¢ cos 8)? + (rsin @ cos 0)? + (—rsin H)?

ot

dp

h2=h(p=

= \/(—r sin @ sin6)? + (rcos @ sin0)? = rsinH

ot
hs; = h, = ||6_r|| = \/(cos @ sin0)? + (sin@ sin 0)? + (cos 0)? = \/(sin 6)? + (cos 0)?
= 1.
Orthonormal Basis:

ot ~
A A _a_g_rcos<pcost92+rsin@cos@j—rsin@k
e =€y = h = -

1

or
P _%_—rsin<psin92+rcoscpsin9j__rsin i+ coso i
2T T, rsin @ B ¢ ¢ J
ot ) . ~
. . 9r cos@sinfi+singsingj+cosfk
BT T, T 1 '
3

Volume element:

dV = hyh,hzdu,du,dus = (r)(rsin0)(1)d0dedr.

13
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Gradient:

e LlOf  Lof  Lof _1of 1 Of Of,
f_hlaulel hy0u, 2 hyous; 2 raf?  rsin6ag " ar’r

Laplacian:

v2f = h,hs af)+ 9] (h1h3 0f> N d <h1h2 af )]

1 0
hih,hs [6u1( h, ou, du, \ h, Odu, Jus \ h; Odus

h1h2h3 = Tz sin @ )

hyhs rsinf p hihy 1 hih, | p
h,  r - s h, rsin@ sin@® hy TS
1 d af d 1 of d af ]
2f _ T cinnll )L 2 Ve Z(r26ing L
so V°f rzsinH[ae (Sln969)+6<p (sin96<p>+6r<r Sln96r> '

(b.) Parabolic cylindrical coordinates:
1
x=8ny=50"=§)z=2
1 ~
F= EUHE(??Z —§9)j + zk.

Orthogonality:

or . )
a—€=ﬁl—fj
or ) .
%=€l+m
or -
&Zk
ar or Jr or or or
(a—f,%>=nf—fn=0; (O_E'£>:0; (%,£>=0

Scaling factors:

= he = || = EF o = VEEE

14
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or
en- -

h,=h, = of =1
372 7 lorll T
Orthonormal Basis:
ﬁ
é_é_af_m—fj __n 3 i
1 =€ =-—"= = -
hf \/,724_52 \/772+52 /n2+€2
or
. . 0n & n .
e, =e),=—= L+
n hn \/772'*'5;2 \/772'*'5;2
6_?
o=, ==L,

€3 =€; =
h
z

Volume element:

dV = hyhyhsdu, du,dus = (an +¢2) (Vo2 + 52) (1)dédndz.

Gradient:
1 df | 1 af | 1 af | 1 of | 1 of . df .
Vf=——é+ 8+~ 8&=——=-7b+—=--¢, +—¢,
h’l aul h2 auZ h3 au3 [nz + 62 af ”72 + 52 aT] aZ
Laplacian:
v2f = 1 [ d (h2h3 6f)+ d <h1h3 6f> N d <h1h2 af >]
hihyh; lou; \ hy du,/ Ou,\ h, Odu,/ Odusz\ hy Jdus
h,h hih hih
— 2 2 2143 — 173 — 172 — 2 2
1 af af af
2£ _ 2y L
o VS = e af(af)“L (an>+ <( 49 )]
1 0%f N 1 0%f N 0% f
_772+€2 aszz 772_|_()z2 07]2 dz 2
(c.) Parabolic coordinates:
x = éncose
y = ¢nsing

15
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1
Z=§(772—52)

1 N
= Encos<pi+§nsin(pj+§(n2 — &2)k.

Orthogonality:

ot . o =
%zncompl-i-nsm(p]—fk
or . .
%: Scospi+Esing]+nk
ot . . .
%z—fnsm(p I+&ncosej
or of 5 .
<a_§'%> =1n§cos“¢p + {nsin“p —¢n =0
or or . .
(5,%> = —mcosp(§n)sing +nsing(sn)cosg =0
ot or

<%,%> =§cosg (—=$nsing ) +§sing (§n)cosp =0.
Scaling factors:

ar
= he =[5 = VrPGeose +sin?g) + (<67 = 7 +

or
hy = hy = ”%” = /€2(cos2¢ + sin2@) +n2 = /n? + &2

or _
hs = hy = 50| = V(=Ensin@ )2 + (¢n cos 9)? = .
Orthonormal Basis:
or ~
0§ mncospi+nsingj—&k  mncosep  nsing | & -

é =é = = = 1+ —
1 § h; /772+€2 \/772+€2 \/772+€2] /n2+§2
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or
. . % fcosg01+€sm<p]+nk Ecosg - Esing . n ;
z2om h,, [n? + &2 \/772"‘52 Jrr+ e [n? + &2
ot
, _, _0p —énsing i+&ncosgj o, .
€3 =€y, =—""—"= =—singp 1+ cosg]j.
h(p né

Volume element:

dV = hyhohyduy dydus = (V2 +€2) (Vn? + ) (1) dédnde

= (n*¢ +né>)dédnde.
Gradient:
_1of 1 df . 1 df .
Vo w2 T o,
of | N of | N 1 9f
=——frt+——¢é, +——2¢
JErezoE f T prezon " nEdg ®
Laplacian:
vef = [ (h2h3 6f)+ d <h1h3 6f>+ d <h1h2 6f>].
hih,h; lou; \ h; du,/ Ou,\ h, Odu,/ Odusz\ hy Jdus
h,h hih hih, n?+ &2
hohohe = (02 + E2)E, 213 _ e B _ e 12
1hohz = (° +&°)né n né n né n e
1 of of n®+§%\ of
07 = e [2 () L (16 L) 4 2 (22 20))
(M +&%)m& [0\ 7" ¢ ap ns )oe
(d.) Bipolar coordinates:
asinhn

- coshn —cos ¢

asiné

Y= coshn —cosé

17
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asinhn asiné .

coshn — cosfl coshn —cosé + zk.

T =

We set a = 1 to simplify the notation.
Orthogonality:

Note that

dx _ (coshn —cos¢)coshn —sinhnsinhn 1 —cos¢ coshn
an (coshn — cos §)? "~ (coshn — cos &)?

dx  —sinésinhp
9¢  (coshn — cos §)2

dy  —sinésinhp
n  (coshn — cos &)?2

dy (coshn —cosé)cos¢ —sinésin§ coshncosé —1
& (coshn — cos §)? ~ (coshn — cos §)?

d0f  —sin§sinhn _ coshncos§—1
9¢  (coshn — cos &)2 ' (coshn — cos 6)2]

0f  1—cos{coshn —sinésinhnp
dn  (coshn — cos§)?2 ¥ (coshn — cos 5)2]

o
55 =F
o7 oF
g’ an

( )

—siné sinhn 1 — cosé coshn

- (coshn — cos 5)2] [(coshn — cos §)?
coshncosé —1 —sin sinhn
(coshn — cos 5)2] [(coshn — cos 5)2] =0

18
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or
(—,—

(%,—Z
Scaling factors:

or

h1=h$= 6_5

_ —sin ¢ sinhn ]2+ coshncosé —11°
~ JL(coshn — cos &)2 (coshn — cos §)?

Now

(—siné sinhn)? + (coshn cos & — 1)? = (coshn cos & — 1)?+sin?&sinh?y
= (coshn cos & — 1)?+sin?é(cosh?n — 1)
= 1 — 2 coshn cos € +cos?&cosh 2 n+sin?é cosh 2 — sin?¢
= 1 — 2 coshn cos & +cosh 2 — sin?¢
= cos2¢ — 2 coshn cos & +cosh 2n = (coshn — cos &)2.

Thus
B = df|| _ (coshn—cosé) 1
& 3¢l (coshn —cos&)2  coshn — cosé’
Likewise
I _||61”‘||_ 1 —cosé coshn 2+ coshncosé —1 2_ 1
27 lanll — | L(coshn — cos &)2 (coshn —cos&)2] ~ coshn — cosé&
hs; =h, = or =1
0 ozl T
In th #1,he = hy = .
nthe case a # 1,h; = 1= coshn — cos€
Orthonormal Basis:
ot —sin sinhn ; coshncosé —1 |
. . 0¢  (coshn — cos&)? (coshn—cosf)zj
elzegzh—gz 1

coshn —cos ¢
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—sinésinhn _  coshnpcosé —1

- (coshn — cosé) ' (coshn — cos §) J

ar 1 —cosé¢ coshn . —siné sinhn 7
(coshn — cos §)? (coshn — cos 5)2
1
coshn —cosé
1 — cos ¢ coshn . sin ¢ sinhn

Q>
N

_, _0n
_en_h—_

A

(coshn — cos f) (coshn —cosé) J

Q>
w
Il
>
N
Il
Q|
:‘ll\l | =>
Il
&)

N

Volume element:
2
dV = h1h2h3du1du2du3 =

(coshn — cos §)? dgdndz.

Gradient:
1 of 1 df . 1 df .
Vf=——08 +—
f = o e e
(coshn —cosé)adf . (coshn —cosé) 6f fA
= —e; + +
a ¢ a 677 9z °
Laplacian:
vef = 1 [ d (h2h3 6f)+ d <h1h3 6f> N d <h1h2 af >]
hyh,h; lou; \ hy du,/ Ou,\ h, Odu,/ Odusz\ hy Jdus
2 h,h hih h.ih a?
hihyhs = - ) 2821, 2=, 2 2=
(coshn — cos §)? hy h, hs (coshn — cos §)?
so V2f

(cosh n—cosé)?|d (of
a? ¢ (65)

9 a? of
+£ ((coshn—cosf)2>£ '

(e.) Prolate spheriodal coordinates:

3 (o)
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