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4 CHAPTER 1. THE WAVE FUNCTION

Chapter 1

The Wave Function

Problem 1.1
(a)

()% = 21% = 441.

Zﬂv [(142) + (15%) + 3(16%) + 2(22?) + 2(24%) + 5(25%)]

1 6434
= ﬁ(196 + 225 4 768 + 968 + 1152 + 3125) = = 459.571.

J|Aj=j—{)
4 [14—21=—7
15 | 15—21=—6
(b) 16 | 16 —21 = —5
22| 22-21=1
24| 24-21=3
25| 2521 =4

0 = Y APNG) = 53 [(F17 + (26 + (-5 -3+ (17 24 (3)? -2+ (4 3]

1 260
14(49—l—36—|—75+2—i—18—1—80) = 18.571.

o = V18571 =|4.309.
(c)

(5%) — (j)? = 459.571 — 441 = 18.571.  [Agrees with (b).]
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CHAPTER 1. THE WAVE FUNCTION 5
Problem 1.2
(a)
h h 2
1 1 2 h
x? :/ x> dr = —— (m5/2> —.
(@) o 2Vhx 2vh \5 o O

S 2h
2 _ 2\ _ 2_ - _(Z :7h2 =| ——= = 0.2981h.
o° = (z%) — (x) 3 (3) T 3v8 0.298

(b)
P—1—/$+de—1— i(2\/§) o —1—i(\/97—\/97)
+ 2Vhz 2vh . Vh e
zy = (z) + 0 = 0.3333h + 0.2981h = 0.6315h; z_ = (z) — 0 = 0.3333h — 0.2981h = 0.0352A.
P =1-+0.6315+ v0.0352 = | 0.393.
Problem 1.3
(a)
1= / Ae M= g Tetu=x— a, du =dzx, u:—00 — 00.
1:A/ e’\“2duA\/? = A=/
. A T
(b)

o0 5 o0 5
(x) = A/ ze MmO gy — A/ (u+ a)e " du
—o0 —00
oo ) ) . o
ZA[/ ue_A“dqua/ e_’\“du]:A<0+a\/7>:
—00 — 00 )\
(z?) = A/ 22e M@= g
=A {/ uZe ™ du + 2a/ ue ™ du + a? / exuzdu}

Al LT 2 [T |20 L
—A{”\ /\+0+a\ﬂ]—a+2>\.
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6 CHAPTER 1. THE WAVE FUNCTION
(©) p(x)
A
a X
Problem 1.4
(a)
a b
|A|2 /a 2 ‘A|2 /b 2 2 1 [2? 1 (b—x)3
1==0 do+—21 [ (b—2)2dz = A2 = (Z -
2 Oa: x+(b—a)2 a( x)*dx = | A el e O+(b—a)2 3 )
b—a b 3
— A2 |2 —|A]22 A=4/2.
|4l [3+ 3 } AF3 = b
(b)
L%
A
a b X
(c) At [F=a]
(d)
o “ 2 _& B 2 o 297 P=1 1fb=a,\/
P—/O [P de = — /0 vidr = |A] 3{P:1/21f b=2a. v
(e)

(z) z/ac|\IJ|2dx: |A|2{a12/oax3dx+(bla)Q/abx(b—x)de}

31 fa*\]|* 1 o T2 23 2\
= — —_ _ ——2— _
Ha (G ot (7525 +9)]

o (b—a)? 4

3
:m[aQ(b—a)2+2b4—8b4/3+b4—2a2b2+8a3b/3—a4]
3 v, 2 1 2a+b
=—— (= —-ad+2d%) = b? — 3a’b + 2d°) = .
(b — a)? (3 @bt za ) T A A
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CHAPTER 1. THE WAVE FUNCTION 7
Problem 1.5
(a)
00 e—2Az\ | |A|2
1= / |U|2dx = 2|A|2/ e 2y = 2| A|? = A=V
0 —2X /|, A
(b)
(x) = /:U|\P|2dm = \A|2/ ze~ Pl dy = [Odd integrand.]
o 2 1
2 :2A2/ 2—2)\zd =2\ = —.
<x > | | o €Te €L (2>\)3 2)\2
(c)
1 1
0% = (o)~ (0)* = 535 °= W (£0)|? = |A]2e™27 = Ae 2V V2A = N V2 = 02431,
Probability outside:
0o 00 e—2Az\ |
2/ 0|2 da = 2|A|2/ e Py = 2\ < o )‘ = 2 = | V2 = (.2431.
Problem 1.6

For integration by parts, the differentiation has to be with respect to the integration variable — in this case the
differentiation is with respect to ¢, but the integration variable is z. It’s true that

0 oz 0 0

-~ \I] 2 _ - \I/ 2 -~ \IJ 2 — \I/ 2

V) = SEIUP +a U = WP,
but this does not allow us to perform the integration:

b b
9 oi2de = [ 8w "NL
[ agiviae= [ Salvpyis # lvp);.
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8 CHAPTER 1. THE WAVE FUNCTION

Problem 1.7
From Eq. 1.33, d<p> = —ih [ & (U*2L) dz. But, noting that 2% = g:(,;gﬁ and using Eqgs. 1.23-1.24:

o (00 oU* U 9 [T ih 92U* i 10w o [ih 92U
8t<\1/ ax)— ot on \Ilasc<8t>_[_2m6m2 V‘I’}ax”“ ax[zmaxz‘h”’
ih [ 0% 920 ou] i .00 . d
zm[‘l’axsaxw} [V‘I’a%w‘m]

The first term integrates to zero, using integration by parts twice, and the second term can be simplified to
Vgt gy I g Sy = —|[29Y So

dp) . (i 20V, OV
dtm(h)/mf O dr=(-20).  QED

Problem 1.8
Suppose U satisfies the Schrodinger equation without Vy: ih%—%’ = 2h:l ‘2;2 + VW¥. We want to find the solution
Uy with Vo: ihd%e = — 12 8% 1 (v 4 V)w,.

Claim: Wy = We Vot/h,
Proof: ih% = 'ha—q’ —iVot/h 4 ipg ( WO) —iVot/h — [ 2}1; ?912 + V\I/} e~ itVot/h 4 V()\I/efiv"t/h
0N (V4 Vo)W QED

This has no effect on the expectation value of a dynamical variable, since the extra phase factor, being inde-
pendent of x, cancels out in Eq. 1.36.

Problem 1.9
(a)
1= 2|A|2/0°° o2 iy = 9| AL Gy = 4P s e (2:?)1/4.
(b)
%f — v %Ic/ _ 72(1}7::10\1]; gzx\g _ 72(;im <\IJ x@@i) _ 726;_Lm <1 2a7;;x2> v
Plug these into the Schrodinger equation, ih%—‘f = —% %1%’ + VU
VU = if(—ia)¥ + % (—2‘2’”> (1 - 2“21932) v

2 2
= {ha — ha (1 - ar}rlwc )] U = 2a’ma?¥, so ’V(x) = 2ma’a?.
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CHAPTER 1. THE WAVE FUNCTION 9

(c)

(x) = / z| V|2 dr = [Odd integrand.]

oo 2 1 wh I
2 :2A2/ 2 _—2amz /hd :2A2 \/ _ .
(=) 4l 0 ve v =204 22(2am/h) V 2am | 4dam

<p>=m%=

hoo\? 02w
H= [ v (=] ¥ :-2/\1/*—
(p*) / (z (’93:) dx h 92 dx
2
- _52/\1:* {—2‘;;” (1 - 2“7;;”“" )xp] dz = Qamh{/\ll|2dx— QCZn/xQ|\I/|2dx}

2am , o 2am h 1
= 2amh <1 - (x )) = 2amh (1 - 4am) = 2amh <2> = |amh.

(d)

h [ h
2 2 2 . 2 _ 2 2 _ _
o, = (") — ()" = = |0y = Tam. b Up—<p>—<p> = amh = | o) = Vamh.

" 4am

h

0x0p = £/ o Vamh = % This is (just barely) consistent with the uncertainty principle.

Problem 1.10
From Math Tables: m = 3.141592653589793238462643 - - -

P0)=0  P()=2/25 P(2)=3/25 P3)=5/25 P(4)=3/2
@) | p3)=3/25 P(6)=3/25 P(7)=1/25 P(8)=2/25 P(9)=3/25

In general, P(j) = %

(b) Most probable: Median: 13 are < 4, 12 are > 5, so median is
Average: (j) = %[0-04+1-242-343-54+4-345-346-3+7-1+8-249-3|
= A[04+2+6+15+12+15+ 18+ 7+ 16 +27 = 18 =[4.72.]

(€) (/) =[0+12-24+22-34+3%-5+42.34+52-3+462-3+72-14+8%-2+92-3]
— L0424 12445+ 48 + 75 + 108 + 49 + 128 4 243] = 12 —[28.4.|

0% = (j%) — (j)? = 28.4 — 4.72% = 28.4 — 22.2784 = 6.1216; o = /6.1216 =|2.474.
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10 CHAPTER 1. THE WAVE FUNCTION

Problem 1.11
(a)

%va—FV:E - |v(z) = %(E—V(:c)).

(b)

b b
T:/ ! dx:\/m/ r _ de.
a /%(E—%k:ﬁ) kJo J2E/k)—x
Turning points: v =0= E =V = $kb> = b= \/2E/k; a= —b.
b
L, |m 1 o fm o N mo
T=2 E/O ﬁd$—2 ES]H (3) ’0—2 ?SIH (1)

m (m m

:2\/?(2):“/*'

pla) = - . e

5 b » X
(© [(r) =0
(2?) = i/bb beQ = dx = 72r/0b b2x2 — dx
2 {—; b2 —x? + %sin_1 (Z)] Z = gsm_l(l) = ?g = % = %
70 = VTP = VI = = |\ T

Problem 1.12

®) dt |dt/dp|d
. t, t/dp|dp
p(p)dp = T

where dt is now the time it spends with momentum in the range dp (dt is intrinsically positive, but
dp/dt = F = —kx runs negative—hence the absolute value). Now

2 2
p L, o 2 p
Yk —Eoe=+ (B2
om T2 v k( 2m>’
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CHAPTER 1. THE WAVE FUNCTION 11

SO

1 1 o
rER 2 (E-£) ©2mE —p? | w/ —p?

where ¢ = v2mE. This is the same as p(z) (Problem 1.11(b)), with ¢ in place of b (and, of course, p in

place of x).
2
(b) From Problem 1.11(c), | (p) =0, (p*) = %, op = % =+vVmE.
—JEvmE=| /" E|=E tE>lh w > L1, which is precisely the Heisenb
(c) om0, = T VmE =/ Bl=— > 5hw, then 0,0, > 5h, which is precisely the Heisenberg

uncertainty principle!

Problem 1.13

x[t_] :=Cos[t]

snapshots = Table[x[ 7w RandomReal[j]], {j, 10000}]

Histogram[snapshots, 100, "PDF", PlotRange - {0, 2}]

20r

10

05

=05 0.0 0.5 1.0
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12 CHAPTER 1. THE WAVE FUNCTION

rix_] :=

Plot[ r[x], {x, -1, 1}, PlotRange -> {0, 2}]

20

T P P - P B P I
-10 -0.5 05 1.0

Show[Histogram[snapshots, 100, "PDF", PlotRange » {0, 2}],
Plot[ r[x], {x, -1, 1}, PlotRange -> {0, 2}]]

Problem 1.14
(@) Pup(t) = [2|U(x,t)2dw, so Lo = [* 21024z, But (Eq. 1.25):

a

o[w 9 [ih (00 ov* \] 0
o —ax[zm (‘P o o W)] = a7 @)

b
dfijzb - _/a %J(x’t)dx =~ [J(z,t)]|, = J(a,t) = J(b,t).  QED

Probability is dimensionless, so J has the dimensions 1/time, and units

(b) Here U(x,t) = f(z)e ', where f(z) = Ae=ome’/h go WOL — fe—iatdL giat — ¢df

ox dx dz>
and U* 2% — f% too, so | J(x,t) = 0.
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CHAPTER 1. THE WAVE FUNCTION 13

Problem 1.15

Use Eqgs. [1.23] and [1.24], and integration by parts:

i[> g9 ~ (ow: ov
%/,oo Vitade = /ﬂ;&(‘pl%) = /,oo ( Y2t U atQ) i

© [(_ih &P i ih 9%y i
— VU | Uy + 07 | — - -V d
/_Oo [(2771 Ox? +hv 1) 2t 1(2m Ox? hv 2>} v
iho[ (02U 020,
“om _Oo<axz 2= Vi ala)dx
>0

ih | 0wy |7 T oW, 0¥y
- U — ——dx — U] —=
dx ° o [m dr oz L ox

oo Oz Oz de

= 0. QED

2m

> /°° OVt 0T,

Problem 1.16

(a)
‘ 2 2 [* 4 2.2, 4 2|4 2t 2]
1:|A|2/ (a* — 2%)"dzx = 2|4 / (a* — 2a°2* + 2*)dz = 2|A| [ax—Za—i—]
—a 0 3 5 1o
2 1 16 15
=2(APa® (1 -S4 - ) = —d°|A]* so| A=/ ——.
| |a( 3+5> T V 1647
(b)

(x) = / x|\Il|2 dr = (Odd integrand.)

—a

(p) = §A2/ (a® — 2?) %(a2 —2%)dz = (Odd integrand.)

Since we only know (x) at t = 0 we cannot calculate d(z)/dt directly.
(d)
(z?) = A2/ o (G m2)2dx = 2A2/ (a*z® — 2a°2" 4 2%)dz
—a 0
15 z? 2 27" 15 1 2 1
=2—— |a’ 2a*— =—(a)s-Z+=
16a [“ “E T } . 8a (a )<3 51 7)
CWBa? (35-42+15\ o 8 |a?
8 3-8-7 8 7
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14 CHAPTER 1. THE WAVE FUNCTION

(e)

a 2 a
<p2> = —A2h2/ (a2 — xz) %(a2 — x2) dr = 2A2h22/0 (a2 — x2)dac
—_——

“15h2(3 a3>15h2 2 |5h?

T \Y T 3) T 3 aa
(f)
o= VP = [ hee <[
(g)
(h)

_a \Fh_,/5h_‘/mh>h v
=g Vo V" TV T2 T2

Problem 1.17

(a) Eq. 1.24 now reads aalt* = —%% + %V*W*, and Eq. 1.25 picks up an extra term:

9 5 i B i _ . o
&M’\ —"'+ﬁ\‘1’| 14 —V)—"'+ﬁ|‘1’| (Vo—l-zF—Vo—&-zF)—"'—fN’M

and Eq. 1.27 becomes ‘il—f = —% fooo |V |2de = —%P. QED
(b)

dP 2r 2r
— = —?dt = InP= —?t + constant = ‘ P(t) = P(0)e 2"/, ‘ so|T=—=.

P

Problem 1.18

V3mkgT 3mkpd?’

(a) Electrons (m = 9.1 x 10731 kg):
(6.6 x 10734)2
T = 1.3 % 10° K.
< 3(9.1 x 10-30)(1.4 x 10-23)(3 x 10-10)2 x
Silicon nuclei (m = 28m,, = 28(1.7 x 10727) = 4.8 x 10726 kg):

—34\2
T < (6.6 x 10 ) _

3(4.8 x 10-26)(1.4 x 10-23)(3 x 10~ 10)2
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CHAPTER 1. THE WAVE FUNCTION 15

(b) PV = NkgT; volume occupied by one molecule (N =1, V = d*) = d = (kgT/P)"/>.

h2 P \%/3 B2 p2/3 1 B2 3/5
T<—(— = T« T oT<— (=) ps
< 3mkp <k3T> < 3m k%/?’ < kg \ 3m

For helium (m = 4m,, = 6.8 x 10727 kg) at 1 atm = 1.0 x 10° N/m?:

1 (6.6 x 107342\ */° s
P Ak (3(6.8 < 1027)> (1.0 x 10°)*/° =[28 K |

For atomic hydrogen (m =m,, = 1.7 x 10727 kg) with d = 0.01 m:

X0 0 (6.2 1071 K|
T —[62x 10 K.
< 3(1.7 x 10-27)(1.4 x 10-2)(10-2)2 a

At 3 K it is definitely in the classical regime.
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