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CHAPTER 3 - Second-Order Linear Differential Equations - SOLUTIONS MANUAL
3.1 Homogeneous Differential Equations with Constant Coefficients

1P

Let y=e™, so that y’ =re™ and y” = r?e"™. Direct substitution into the
differential equation yields (r? +3r —4)e™ = 0. Canceling the exponential, the
characteristic equation is 72 4+ 3r — 4 = 0. The roots of the equation are r = —4,1.

Hence the general solution is y = ciet + cae™.

2P

Let y = e™. Substitution of the assumed solution results in the characteristic
equation 72 + 5r + 6 = 0. The roots of the equation are r = —3, —2. Hence the
general solution is y = cje ™% 4 coe 3L,

3P

Let y=e", so that y' =re™ and y” = r?€e™. Direct substitution into the
differential equation yields (12r2 —r — 1)e™ = 0. Since e"* # 0, the characteristic
equation is 12r2 —r —1 = 0. The roots of the equation are r = —1/4,1/3. Hence

the general solution is y = cie~ /4 + cqet/3.

4p

Substitution of the assumed solution y = e"" results in the characteristic equation
r2 + 6r = 0. The roots of the equation are r» = 0, —6. Hence the general solution
is y = c;€% + coe™ 8 = ¢y + cpeOL.

t

5P
The characteristic equation is 9r? — 16 = 0, with roots r = +4/3. Therefore

the general solution is y = cie~4/3 4 cqedt/3,
6P

The characteristic equation is 7> — 4r — 4 = 0, with roots r = 2 +2y/2 . Hence
the general solution 1s y = cle(g_gﬁ}f + cze{z"ﬂﬂ)t.
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7P
Substitution of the assumed solution y = €™ results in the characteristic equation

r2+2r —3=0. The roots of the equation are r = —3,1. Hence the general
solution is y = c1e™ + coet. Its derivative is y' = —3c e 3t + coef. Based on the

i

first condition, y(0) = 1, we require that ¢; + ¢, = 1. In order to satisty y/(0) = 1,
we find that —3cy +¢2 = 1. Solving for the constants, ¢; =0 and ¢2 = 1. Hence
the specific solution is y(t) = e’. It clearly increases without bound as t — oc.
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8P

Substitution of the assumed solution y = e”* results in the characteristic equa-

tion 72 + 4r +3 = 0. The roots of the equation are r = —1,—3. Hence the gen-
eral solution is y = cre~ ! + coe 3, Its derivative is y' = —c1e™t — 3epe ™2t Based
on the first condition, y(0) = 2, we require that ¢; +¢o = 3. In order to satisfy
y'(0) = —1, we find that —¢; — 3co = —1. Solving for the constants, ¢; =4 and
cs = —1. Hence the specific solution is y(t) = 4e~* —
0 as t — oo.

e . Tt clearly converges to
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9P

The characteristic equation is 7% 4+ 3r = 0, with roots » = =3, 0. Therefore
the general solution is y = ¢; + coe™3t, with derivative y’ = —3 coe =3t In order to
satisfy the initial conditions, we find that ¢; + ¢, = 0. and —3 ¢y = 3. Hence the
specific solution is y(t) = 1 — e~3t. This converges to 1 as t — oo.

l_

LD

0,6

.4 1
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1op
The characteristic equation is 2r? +r — 4 = 0, with roots r = (—1 + v/33) /4.
The general solution 1s y = cle(_l_"@}” 14 CQE(_I-'_V@}t/ 1 with derivative
,_ —1—-V33 o e(—1-V33)t/4 —1+v33
= 1 1€ + gy “@

In order to satisty the imitial conditions, we require that

—1—+/33 —1+4 /33
I ——— (9

y e(—lﬂ/ﬁ)t/d )

c1+co=0 and 1 1 1 = 2.
Solving for the coefficients, ¢; = —4/+/33 and co = 4/v/33 . The specific solution
18
y(t) = — [e(—l—\/ﬁ)m - e(—l—f—\/ﬁ)t/al] /\/33 .

It clearly increases without bound as t — oo.

10
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11pP

Substitution of the assumed solution y = e"*

results in the characteristic equa-
tion 7> + 8 — 9 =0. The roots of the equation are r =1,—9. Hence the gen-
eral solution is y = ciet + coe . Its derivative is y’ = cie! — 9cae 7. Based
on the first condition, y(2) =1, we require that cje? + coe™'® = 1. In order to
satisfy the condition y’(2) =0, we find that cje? — 9coe™® = 0. Solving for the
constants, ¢; = 9¢72/10 and ¢ = €'3/10. Hence the specific solution is y(t) =
96472 /10 + 879 /10 = 9e(t=2) /10 + ¢~ *=2) /10. (Observe the shift on the time

axis.) It clearly increases without bound as ¢ — oc.

109
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12pP

The characteristic equation is 9r2 — 1 = 0, with roots » = £1/3 . Therefore the
general solution is y = c1et3 4+ c9et/3. Since the initial conditions are specified
at t = —2, is more convenient to write y = dje~(!72)/3 4 d,e(t+2)/3 The derivative
is given by y' = — [dle—{t+2)13} /34 [dge(f""z}/g} /3. In order to satisfy the initial
conditions, we find that dy +do =1, and —dy/3 +ds/3 = —1. Solving for the
coefficients, dy = 2, and dy; = —1. The specific solution is

y(t) = 9e—(t4+2)/3 _ (242)/3 _ 9,=2/3,—t/3 _ 2/3.t/3

It clearly decreases without bound as t — oc.

—10-

13pP

An algebraic equation with roots 4 and —3is (r—4)(r+3)=r>—r—-12=0.
This is the characteristic equation for the differential equation y” —y’ — 12y =0.

14P

The characteristic equation is 2r? — 3r 4+ 1 =0, with roots r = 1/2, 1. There-
fore the general solution is y = c;e?/2 + coet, with derivative y’ = cqet/2/2 + cqet.
In order to satisty the initial conditions, we require ¢; +co = 2and ¢1/2 + o = 1/2.
Solving for the coefficients, ¢; = 3, and ¢y = —1. The specific solution is y(t) =
3et/2 —et.  To find the stationary point, set y’ = 36”2/2 —e''=0. Thereis a
unique solution, with ¢; = In(9/4). The maximum value is then y(#;) =9/4. To
find the z-intercept, solve the equation 3e?/2 —e! =0. The solution is readily
found to be to = In9 =~ 2.1972.
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15P

The characteristic equation is 72 — 1 = 0, with roots r = 1, —1. Therefore the
general solution is y = c¢ye’ + cxe™t, with derivative y’ = cyet — coe™t. To satisfy
the initial conditions, we require that ¢; +¢c2 = 5/4 and ¢; — co = —3/4. Solving
for the coeflicients, ¢; = 1/4 and ¢y = 1. This means that the specific solution is
y(t) =et/4+e~t. From this, y' =e'/4 — et =0 when ¢** =4 or t =In2. The
value here is y(In2) = 2/4 +1/2 = 1. Since 3" = y is positive at t =In2, thisis a
minimuin.

pad

o wos 1 7 Tals

16P
The characteristic equation is 4r2 — 1 = 0, with roots r = +1 /2. Hence the
general solution is y = c;e %2 + cpe!/? and y' = —c;e7Y? /2 + c9et/? /2. Invoking

the mitial conditions, we require that ¢; + ¢ = 2 and —e¢; + ¢ = 23. The specific
solution is y(t) = (1 — B)e ™ */2 + (1 4+ B)e!/2. Based on the form of the solution, it
is evident that as ¢ — oo, y(t) — 0 aslong as = —1.
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17pP

The characteristic equation is 72 + (3 — a)r — 2(a — 1) = 0. Solving this equa-
tion, we see that the roots are r = a — 1, —2. Therefore, the general solution
is y(t) = c1el® Dt £ cpe™?t. In order for all solutions to tend to zero, we need
a — 1 < 0. Therefore, the solutions will all tend to zero as long as e < 1. Due to
the term coe™ 2, we can never guarantee that all solutions will become unbounded
as t — oc.

18pP

The characteristic equation is 72 — (2a — 1)r + a(a — 1) = 0. Examining the
coeflicients, the roots are r = a , @ — 1. Hence the general solution of the differen-
tial equation is y(t) = cje®® + coel@ Dt Agsuming a € R, all solutions will tend
to zero as long as a < 0. On the other hand, all solutions will become unbounded
as long asa—1 >0, that 1s, aa > 1.

19pP

(a)  The characteristic equation is 2r2 + 3r — 2 = 0, with roots r = 1/2 and r =
—2. The initial conditions give y(t) = (28 + 1)e~2t/5 + (4 — 283)e'/? /5.

(b) y(t)=2e2/5+3e7 /5.

1]

T T T
1] 1 2 3
r

We obtain that ' = (—6e~2f + €t/2) /5. Setting this equal to zero and solving for ¢
vields tp = (2In6) /5. At this point, yg = ¢/3/16 = 0.715485.

(c) From part (a), if 3 = 2 then y = e~ 2! and the solution simply decays to zero. For
[ > 2, the solution becomes unbounded negatively, and again there is no minimum
point. For 0 < 3 < 2 there is always a minimum point, as found in part (h).
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20P

(a) The roots of the characteristic equation are r = (—b & v/b*> — 4ac)/2a. For
the roots to be real and different we must have b*> — 4ac > 0. If they are to be
negative, then we must have b > 0 (since we are given that a > 0) and ¢ > 0. This
latter condition comes from the fact that if ¢ < 0 then v/b? — 4ac > b and hence the
numerator of » would give both positive and negative values, or a zero if ¢ = 0.

(b) From part (a), this will happen when b* — 4ac > 0 and ¢ < 0.
(¢) Similarly to part (a), this happens when b*> —4ac > 0 and b < 0 and ¢ > 0.

21P

(a)  Assuming that y is a constant, the differential equation reduces to cy =d.
Hence the only equilibrium solution is y = d/c.

(b) Setting y =Y + d/ec, substitution into the differential equation results in the

equation aY” +bY '’ +¢(Y +d/c) =d. The equation satisfied by Y is aY"” +
bY '+ Y =0.

3.2 Solutions of Linear Homogeneous Equations; the Wronskian

1p
4t —3t/2
Wr(ﬁclt E—Stj?} _ € € / _ Eﬂ!ﬁt;’?
? 4E=flt _%E—Btfg 9
2p
T re’®

W(z,ze*) = | o2 4 9pe2e| = re’™ 4 2x%e®™ — pe®” = 2re?”,

3p

E—St tE—St

3¢, —3ty
H’F(E te )— _ 33t (1—3t)€_3t
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4ap

et sin t et cos t 4
e2t(2sin t +cos t) e*(2cost —sin t) '

W(esin t,e? cos t) = = —e€

5p
-9 . 9
W(sin?#,1 — cos 26) = sin” 0 1 = cos 20

2sin # cos 8 2 sin 20 =0.

6P
Write the equation as y” + (3/t)y’ = 1. p(t) = 3/t is continuous for all t > 0.
Since tg > 0, the IVP has a unique solution for all £ > 0.

7P
Write the equation as y" + (3/(t — 4))y’ + (5/t(t — 4))y = 2/t(t — 4) . The coet-
ficients are not continuous at t = 0 and t = 4. Since g € (0,4), the largest interval
1s0<t<4.

8P

The coefficient 31In |¢| is discontinuous at ¢ = 0. Since tp > 0, the largest
interval of existence 1s 0 <t < c0.

9p
Write the IVP as

1
y'+ ——y' + (tanz)y = 0.
r—2

Since the coefficient functions are continuous for all x such that = # 2, nw + 7 /2

and xzg = 4, the IVP 1s guaranteed to have a unique solution for all z such that
2 <x < 3n/2.

1o0p
No. Substituting y = sin(¢?) into the differential equation,

—4t% sin(t?) + 2 cos(t?) + 2t cos(t?)p(t) + sin(t?)q(t) = 0.

At t = 0, this equation becomes 2 = 0 (if we suppose that p(t) and g(¢) are contin-
uous), which is impossible.
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11P

y{ =2. We see that t2(2) —2(t?) = 0. yJ =2¢73, with t2(yg') — 2(y2) = 0.
Let y3 = crt? + czt_l: then y3 =2c; + 2cot™2. Tt is evident that y3 1s also a
solution.

12p

Fory=1,y =0and 4" =0, so yy'’ + (y/)2=0. For y =t/2, y =t71/2/2
and v/ = —t73/2/4, thus yy" + (') = =t /A+t71/4=0. fy=c; -1+ cot'/?
is substituted into the differential equation, we get (c1 + cot'/2)(—cot™3/2/4) +
(eat™1/2/2)2 = —¢yeot™3/2 /4, which is zero only if ¢; = 0 or ¢5 = 0. Thus the linear
combination of two solutions is not, in general, a solution. Theorem 3.2.2 is not
contradicted however, since the differential equation is not linear.

13P

y = ¢(t) 1s a solution of the differential equation, so L[¢|(t) = g(t). Since L
is a linear operator, L[co|(t) = cL[¢](t) = cg(t). But, since g(t) # 0, cg(t) = g(t)
if and only if ¢ = 1. This is not a contradiction of Theorem 3.2.2 since the linear
differential equation 1s not homogeneous.

14p
Wi(edt, g(t)) = e’g'(t) — 3e’g(t) = 2¢%. Dividing both sides by e*, we find
that ¢ must satisfy the ODE g’ — 3g = 2e®. Hence g(t) = 2t &3t + ce®.

15pP
Wi(t,g(t)) = tg'(t) — g(t) = 2t%e*. Dividing both sides of the equation by ¢, we
have ¢/ — g/t = 2te’. This a linear equation for ¢ with an integrating factor 1/¢t.
Therefore, g(t) = 2tet + ct.

16P

We compute

a1y + asya by + bays

Wiaiy1 + asy2, biys + b = =
(a1y1 + a2y2,biyr + baye) ary! + azyh byyl + boydh
= (a1y1 + a2y2)(bryy + bayy) — (bry1 + baya)(aryy + asys) =

= arba(y1ys — y1y2) — asbi (y1ys — Yiy2) = (a1bs — azb))W (y1, y2).

This now readily shows that y3 and y4 form a fundamental set of solutions if and

only if a1bs — asby # 0.
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