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Chapter 1.1, Problem 2E (5 Bookmarks) Show all steps: ON Post a question

Answers from our experts for your tough

homework questions
Problem 9

Enter question

Determine which of the following statements are true for all sets A, B, C, and D. If a double

implication fails, determine whether one or the other of the possible implications holds. If an

equality fails, determine whether the statement becomes true if the “equals” symbol is replaced Continue to post
by one or the other of the inclusion symbols c or >.
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DAcCandBc D=2(AxB)c(C x D)
(k) The converse of (j). Chegg tutors who can help
' ' right now
(I) The converse of (j), assuming that A and B are nonempty.
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Step 1 of 40

@

AcB and ACC & AcC(BnC)
The double implication is false.
But, ACB and ACC = AC(BUC) istrue

AcB and AcC = Ac(BnNC)
= Ac(BuC) (v BnCcBuUC)

Comments (1)

Step 2 of 40

Here,
Ac(BuC) = AcB and ACC is false
Example:
A={12}
B={1}
={2,3
BuC=(12,3}
A={12} c{12,3=BuC
But,
AegB (v 2cAand 2¢B)
AgC (vledandleC)

Comment

Step 3 of 40

®)

ACBor ACC & Ac(BuC)
The double implication is false.
But, ACB or ACC = AcC(BUC) istrue
-[4u(BuC)] = da(BuC)
= Jxe ASt xe BUC
= dxe A5t ~(x€BUC)
= 3x€ A8t ~(x€B or xeC)
= 3x€ A5t ~(x€B) and ~(x€C)

= JxeASt x¢ B and xeC
= AgB and AgC

= -(4cB) and -(ACC)

Comments (2)

Step 4 of 40

Thus,

S[Ac(BuC)] = —[(AcB) or (AcC)]
Equivalently,

(AcB) or (AcC) = Ac(BUC)

Therefore,

2 = ¢ and its contra positive —g => —p are equivalent
That 15, whenever p = ¢ is true

—g = —p is true and viseversa.

Comment

Step 5 of 40

Asin(a) ACBUC @& AcCB or AcCC
={1,2}
B=(}
C={2,3
AcBuC but AZB and AcC
» = q s false only when p 1s true and q 15 false
Here ACcBuUC istruebut "AcC B or AcCC" is false
Since, "AZ B and Az C" is true.

Comment

Step 6 of 40
(e

AcCBand ACC & AcC(BnC)
S[Ac(BnC)] & Ag(BnC)
& Jxe A St x¢(BnC)
& Ixed St ~(xe(BnC))
& ZeASt ~(xeB and x€C)
© IeA St ~(xeB) or =(x€C)
< IxeASt xgB or xegC
= Az B or AeC
& —(AcB and ACC)

Comment

Step 7 of 40

Therefore,

S[4c(BnC)] = ~(4AcB and ACC)
Therefore,

AcB and AcCC = Ac(BNC)

And,

~(AcB and AcC) = ~[Ac(BnC)]
Therefore,

Ac(BNC) = AcB and ACC

Hence the double implication is true.

Comment

Step 8 of 40
(@

ACBor ACC & AcC(BNC)

The double implication is false
But,

Ac(BNC) = ACB or ACC istrue
~[AcB or AcC] = ~(AcB) and ~(4cC)
= Ag B and Ac¢C

= 3xe€ A St x¢ B and Fye A St yeC
= 3xe€ A St x¢BNC and ye A St ye BnC

= Az (BNC)
= -[4c(BnC)]

Comment

Step 9 of 40

S[AcB or AcC] = s[Ac(BnC)]
Equivalently,

Ac(BNC) = AcCBor ACC

But,

ACBor ACC = AC(BNC)
4=()

B{2,3)

Cc=(2,3

Comment

Step 10 of 40

Here, AC B

Therefore,

"Ac B or ACC" istrue.

But,

BnC={2}

And Az BnC

That 1s, —.(A cBn C) 1s true

That 1s, Ac BN C is false.

AcCB or ACC = Ac(BNC) is false.

Comment

Step 11 of 40

If we can produce at least one example of sets A, B, C such that the above implication is
false.

That is where "AcC B or ACC" 1strue,but AC (BﬂC) is false
One can produce an example such as,
A=(1}
B={1,2}
={13
Where, AC B8 and AcC
Therefore, AC B and Ac C istrue in this case.
And, Ac BnC={1} is also true

Comment

Step 12 of 40

But for the implication,

AcBor AcC = AC(B(‘\C) to be true

Every choice of sets A, B, C must satisfy it.

Even if one choice of &4, B and C fails to satisfy the implication
Then the implication cannot be accepted as a true statement.

Comment
Step 13 of 40
(@
A—(A—B):
A- ( )= x€A and xe A- B]

{xl

{ |xe A and (xeA—B)}

={x|xe 4 and ~(x€ 4 and x¢ B)}
{x|x€ 4 and ~(xe 4 and ~(x€ B))}
{x|xeA and (—(x€ 4) or —.—.(xeB))}

Comments (1)

Step 14 of 40

x|xe A and —(xe 4) or (XGB))}

=

{x xed and (XEA)) or ((KEA) and (xEB))}
{x|False or xeA) and (xeB))}
={x|
={x|

x€ A and xe B}

xe An B}
Therefore,
A-{A-B)=AnB

Comment

Step 15 of 40

Now,

AnB=8B &< AD B

AnB=8 < AnBcB and BC An B
& AnBcB and BcAand BCB
< AnBcB and BCA
< BcA

Therefore,

A—(A—B):B is true only when BcC A

Comment
Step 16 of 40
®
A-(B-4)=4
A-(B-4)= [x|x€A and x & (8- A)}
={x|xe 4 and ~(xe€ B- 4)}]
={ x€A and (xeB and XéA)}
={ x€ A and (xeB and —.xeA)}
{ xe A and —(x€B) or —.—‘(xeA))}
Comment

Step 17 of 40

x|xe A and (=(xeB) or xe A)

x|x€ A-B or xe 4}
xe Au A- B}
={x|xed) ={x|xe A} ~ A-BcA
Ac A-Bonlyif B=¢

Therefore,
The statement of equality is false.

==l
{x XEA and (xeB)))or (xeA and XEA)}
{
={x|

Comment

Step 18 of 40

(@

An(B-C)=(4n B)-(4nC)

(4nB)-(AnC)={x|zxe[(4nB)-(4nC)]}

{x|x€ AnB and x¢ AnC}

={x|xe AnB amd ~(x€ AnC)}

={x|x€e AnB and ~(x€ A and x€C))

={x|xe 4N B and (~(x€4) or ~(xC))}
={x|xe AnB and (xg A or x&C)}

Comment

Step 19 of 40

{ (xe AnB and x¢ A) or (x€ AN B and xeC)}
={x|False or (re ANB and x2C)}
={x|x€ AnB and x¢C}
={ x€d and x€ B and KEC]
{x|x€4 and (xe B and x2C))
={x|x€ A and xe B- C}
={x|xeAn(B—c)}
=An(B-C)
Therefore, the statement,
AN(B-C)=(An B)-(ANC) is true.

Comment

Step 20 of 40

()

Au(B-C)=(4u B)-(AuC)
This is a false statement

Let, A={1,2,3,4}

B={5,2,36}

C={7.6,3.4}

B-C={52}
Au(B-C)={1,2345) —= (I)

Comment

Step 21 of 40

Au B=(1,2,34,5,6}
AuC=(1,2,3,4,7,6}
(AuB)-{AuC)={5} — (I)
Therefore, from (I) and (II),
Au(B-C)z(AuB)-(AuC)
Also,
Au(B-C)z(AuB)-(AuCT)

Comment

Step 22 of 40

But we can show that (Au B)—(Au C) CAu(B—C)
xe(AUB)-(AuC)= xe(AUB) and xe(AUC)

= zx€({AUB) and ~(x€ AUC)

= (xeA or xeB) and —.(xeA or xEC)

= (xeA or xeB) and (—-xeA or —\xEC)

= (xeA or xeB) and ((xe 4) or (x&C))

= (xe€Ador xeB) and xeC or xg A

= ((xeA or xeC) or (xeB and xeC)) and xe¢ A

= (x€A-C or x€B-C) and x¢ A

Comment

Step 23 of 40

= (xeA—C and XEA) or (xeB and x ¢ C and xeA)
= (x€A and x2C and x¢ 4)
or (xeB and —xeC and —VXGA)
= (xedand xed and x2C)
or (xeB and —-(xeA or xEC))
= (False and xEC) or (xeB and ﬁ(xEAUC))
= False or (xeB —(AUC))

= zxeB -(AuC)
= xe€B and x¢C v CcALC
= zxeB-C
= xe AU(B-C)
Therefore,
xe{AUB)-(AuC) = xe AU(B-C)
Therefore,
(AuB)-{AuC)cAu(B-C)

Comment

Step 24 of 40
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xe(ANB)U(A-B)& x€ ANB or x€ A-B
& (xeAdand x€B) or (xeAand x¢B)
& (x€4) and (x€B or xeB)
& (x€ A) and True

& xed
Therefore,
x(ANB)U(A-B) < x€4
Therefore,

(AnB)u(A-B)=4

Comment

Step 25 of 40
0]
AcC and BcD = (AxB)c(CxD)
S[(4xByc(CxD)] = x€(AxB) and x&(C'xD)
= JdaeAand FbeB St x=(a,b) and (a,b)e(CXD)
= (EIaEA and EibeB) and (a,b)éCxD

= (Jaedand FbeB) and (aeC or beD)

= (ElaeA and EiaEC) or (EIbeB and beD)
= Ag¢C or B D
= —AcC or mBCD

= -[4cC and Bc D]

Comment

Step 26 of 40

Therefore,

S[(4xByc(CxD)] = —[AcC and Bc D]
Equivalently, AcC and BcD = AxBcCxD
Therefore. the statement is true.

Comment

Step 27 of 40
)

(AxB)c(CxD) = AcC and Bc D
~[4cC and BcD] = ~(4cC) or ~(Bc D)
= AgC or BgD
=>(E|aeA and aEC) or (Bb,beB and bED)
:>3a((aeA and agC) or beB)
and ((a€ A and agC) or b D)
= Ja,ac A,3b,beB St (aEC or bED)
= J(a.b)eAxB St (ab)e CxD

Note: Here we assume A#¢, B=¢

Comment

Step 28 of 40
0

(AxB)c(CxD) = AcC and BcD
Case (1):

A=¢ (B=9)

In this case the implication is false.
A+B={1}

D={2}

A=¢

AxB=¢

Comment

Step 29 of 40

Since, if AxB # ¢ then Ixe AxB

Butany x € AX B 1s of the form (a, b) where @ € A and &€ B but this is not possible
since A=¢

Since AxB=¢, AxB cCxD is true

But B CD is not true.

» = ¢ 1s false, when and only when p 1s true and q is false.

Comment

Step 30 of 40
Case (11)
A=¢, B=¢

In this case the implication is vacuously true. Since AC C and B C D is always true in
this case.

Comment

Step 31 of 40
(m)

(AxB)u(CxD)=(AuC)x(BuD)
xe(AxB)U(CxD) = x€AXB or xeCxD
= x=(x,x)€ AXB or (x,x,)eCxD
= (xedand xe€B) or (€C and ;€ D)
= ((med and x,€8) or 5€C)
or ((xleA and x, € B) or xleD)

= (nedor xeC)and (r,€B or x eC)
and (x €4 or D) and (€ B or x€D)
= (medor xeC)and (B or x;eD) (= prg=p)
= (neAuC) and (x; € BUD) = (x,x,)e(AUC)x(BU D)
Therefore,
xe(AxB)u(CxD)=zxe(AuC)x(BuD)
Therefore,
(AxB)u(CxD)c(AuC)x(BuD)

Comment

Step 32 of 40

(z.y)e(AxB)u(CxD) = (xy)e(AxB) and (x,y)e(CxD)
= (KEA or yeB) and (xeC or yED)
= ((xe 4 or yeB) and x2C)
or ((xeA or y&B) and yeD)
= (xgAdor x¢C) or (ygB or xeC)
or (xeAor yeD)or (yeB or yeD)
= (x2(4uC)) or (yeBuUD)
or (ygB and x¢C) or (x¢ Aand yeD)
= <(xe(4uC) and (ye BUD))
or —-(KEC or yeB) or —-(xEA or yeD)
((z.y)e(AuC)x(BuD)) and ]
B (x.y)e(CxB) and (x,y)€ AxD
= S[(xy)e(AuC)x(BUD) and (x,y)€ AxD]

Comments (1)

Step 33 of 40

Since, p and ¢ = ¢
Here,
(x.y)e AxD = (x,y)e(AuC)x{BuUD)
pAgAr = T
Therefore,
- = —-[p/\q/\r]
= —.[(x,y)e(AuC)x(BuD)]

= (ry)e(4uC)x(BuD)

Comment

Step 34 of 40
Thus,
(z.y)e(AxB)u(CxD) = (xy)e(AuC)x(BuD)
That is,

(z.y)e(AxB)u(CxD) = (xy)e(AvC)x(BuD)
= (xy)e(4xB)u(CxD)

Therefore,

(AuC)x(Bu D) c(AxB)u(CxD)

Thus the equality,

(AxB)u(CxD)=(AuC)x(BuUD) is true.

Comment

Step 35 of 40
()

(AxBYN(CxD)=(ANC)x(BnD)
(x.y)e(AxB)n(Cx D)= ((xy) € AxB) and (x,ye CxD)
<:>(XEA and yeB) and (xeC and yED)
(:)(xe.A and xeC) and (yeB and yeD)
& (xe ANC) and (ye B D)
< (xy)e(ANC)x(BND)
Therefore, the equality,
(AxB)N(CxD)=(ANC)x(BN D) istrue.

Comment

Step 36 of 40
©

Ax(B-C)=(AxB)-(AxC)
(x,y)eAx(B—C):)xeA and ye B-C
=zxeAd and yeB and ygC
=zxeAad yeB and yeC or (xcA and x¢ 4)
=zx€ A and (xeA or (yéC and y€ B and yEA))
- [(xeA or yeC) and (xg A or yeB) ]
and (x€4 or x g A)
=zxcAand (x2A or yeC) and (x2 A or y€B) and True
or [(xeA and y¢C) and (y €5 and yEC)]
= xe€Aand (xgAdor yeC) and (xg A or yeB)
= x€ A and (xeA or yeB) and (xeA or yeC)
= (x€Aand xg A) or (x€ A and yeB) and (x4 or yeC)
=> False or (xeA and yeB) and (XEA or yEC)
= (XEA and yEB) and —v(xEA or yeC)

=xed

Comment
Step 37 of 40
= (x,y)e AxB and (x,y)e AxC
= (.)€ (AxB)-(4xC)
Therefore,
(x,y) € AX(B—C) =>(x,y) € (Ax B)—(Ax C)
Therefore,

Ax(B-C)c(AxB)-(AxC) — ()

Comment

Step 38 of 40

(x,y)e(AxB)—(AxC)ﬁ((x,y)GAXB and |(x,y)EA><C)
= (xeA and yeB) and —.((x,y)eAxC)
= (xEA and yEB) and —-(xeA and yeC)
= (x€A and yeB) and (x 2 A or yeC)
= [(xeA) and (xg 4 or yEC)]
and [(yeB) and (xg A or yeC)]
= [{(XGA) and (xeA)} or {(XEA) and yEC}]
and [{(yeB and xg A) or {y€ B and yEC]}]
= [False or {(xeA) and yEC}]

and [{(yEB and xg A) or {y€ B and yeC]}]

Comment
Step 39 of 40
= (x€ 4 and yeC)
and [{(yeB and xe A) or {y€ B and yeC}}]
= [(x€4 and yeC) and (y€ B and x¢ 4)]
or [(XEA and yeC) and (y€ 5 and yEC)]
= [xed and x¢ A and y¢C and ye 5|
or [xe A and ye B-C]

= False or (x,y)e Ax(B-C)

= (xy)e Ax(B-C)
Comment

Step 40 of 40

Therefore,
(x. )€ (AxB)-(AxC)=(xy)e Ax(B-C)
Therefore,
(AxB)-(AxC) =c Ax(B-C) — (I
Therefore,
By (I) and (ID),
Ax(B-C)=(AxB)-{AxC)
Therefore,

The equality,
Ax(B-C)=(AxB)—(AxC) is atrue statement.

Comment

Was this solution helpful? 6 (]

Recommended solutions for you in Chapter 1.1
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