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1
Quantum-Enabled Technologies

The exercises below involve some of the basic mathematics as well as the basic concepts and methods
of classical mechanics and electromagnetism that are used throughout the book, rather than the main
subject of this chapter. For more details on classical mechanics, i.e., the Newtonian, Lagrangian, and
Hamiltonian formulations of classical mechanics, see Appendix A, which includes additional exercises.
For the classical theory of waves see Appendix B and, for the basics of Maxwell’s theory of electromag-
netism, see Appendix C.

Exercise 1.1 (Euler’s formula)
Use Euler’s formula to prove the following addition theorems:

sin(x +y) = sinxcosy + cos xsiny,

cos(x +y) = cosxcosy — sinxsiny.
Solution:
Using Euler’s formula, ¢! = cos x + isin x, we can write
!t = cos(x +y) +isin(x + y).
On the other hand, since el ty) = pixely , we have

e'tY) = (cos x 4 isinx)(cosy +isiny)

= (cosxcosy — sinxsiny) + i(sinx cos y + cos x siny).
By equating the real and imaginary parts of the above two equations, we obtain the addition theorems.

Exercise 1.2 (Partial derivatives)
When

1

X,Y,2) = ————,

show that V2f = 0, where V? is the Laplacian operator.
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Solution:
827]( —i _1 1 2% | = i —X
9x2  dx \ 2(x2+y2+22)3/2 T ox \(Z+ 2+ 2232
o -1 n 3x?
_(x2+y2+22)3/2 (x2+y2+22)5/2
B 242 _ ]/2 _ 2
(Y4227
Similarly,
aif x4 2yr -2
ay* (¥ +yr+22)5/%
azif —x?—yr 4272
922 (x2 +y2 +ZZ)5/2'
Thus,

ox2 oy 922
B 22 —y2 — 22 —x2 4292 — 22 —x2 —y2 4222 B

- (x2+y2+22)5/2 (x2+y2+22)5/2 <x2+y2+22)5/2 -

N I

Exercise 1.3 (Vector calculus)
In a vacuum, Maxwell’s equations are written as V- & = p/ep, V-B =0, V x &€ = —9B/9dt, and
V x B = (1/c?)0€E/dt, where £ = —V¢ — 0dA /0t is the electric field vector, B =V X A is the magnetic
field vector, ¢ and A are the scalar and vector potentials, respectively, p is the charge density (assumed
to be a constant here), gy is the vacuum permittivity, and c is the speed of light. Using the Lorentz
condition V - A + (1/c2)a¢ /9t = 0, derive the following equations:
V2 _ L Po__p

22 T g
10%A
24 = 22
VA= 25
Solution:
From Faraday’s law, we have
0B Jd(VxA) 0A

Thus,

JA
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QUANTUM-ENABLED TECHNOLOGIES 3

Because the curl is 0, there must be some scalar function ¢ such that

2A
Vo =E+30.

Rearranging for £ and plugging into the Ampére’s law, we get

1 0E
V x B =25
1 (%A 9(V¢)
Vx(Vxa4) cz(atﬁ ot )
1 (2*’A  9(V9)
VA= — (22
V(V-A)—-V-A c2(8t2+ 5 >
1 9¢ y 1 (2*’A  9(V9)
<2t) v C2(8t2+ ot )’
1 0%A
24 _
v c2 ot?
Similarly, using Coulomb’s law, we obtain
ve=L,
€0
0A\ p
v (-ve-5) &
avVAa) p
2 R
Ve ot _60'
Finally, using the Lorentz condition, VA = — % %—‘f, we can write
C
_VZ + 1827(]; —ﬁ
¢ c2 ot2 _60,
29 1P __p
2oz g

Exercise 1.4 (Differential equations)
A particle of mass m (> 0) connected to a spring with spring constant K (> 0) obeys Newton’s
equation of motion:

d%x
—Kx = m—.
xX=m i

Here, x(t) is the position of the particle measured from its equilibrium position at time ¢.

(a) Set up and solve the characteristic equation of this second-order differential equation. Namely,
assume x(t) = eM and obtain the roots A and Aj.
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Solution:

We rewrite the equation of motion as

At

Assuming x(t) = e, we obtain

(b) What is the general solution to the equation of motion?

Solution:

K - K
x(t) = Ayt + Ayet = Ay el\/;t + A eil\/;t
= (1COS — 1t ] +cpsin —t
m m

(c) What is the specific solution to the equation of motion that satisfies the initial conditions x(0) = xg
and x(0) = vy?

Solution:

x(0) = ¢1 cos (0) + ¢z sin (0) = ¢1 = xo.

. /K . K /K
X(O) = —Xp o SID(O) + Cz\/; COS(O) =0 - = vp.
m
= () = UO\/;.

Therefore, the specific solution is

x(t) = xg cos (\/El‘) —HJO\/Esin (\/§t> .

Exercise 1.5 (Wave motion analysis)
Given the wavefunctions

1 = 4sin27(0.2x — 3t),

_ sin(7x 4 3.5t)
2= 2.5
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QUANTUM-ENABLED TECHNOLOGIES 5

determine in each case the values of (a) frequency, (b) wavelength, (c) period, (d) amplitude, (e) phase
velocity, and (f) direction of motion. Time t is given in seconds, and x is given in meters.

Solution:
For
(a) ) .
T 27r7>r<3
(b)
T2 x02

(c) ) .

7T

“onx3 3 0B

(d)

A=14
(e) N 5

(f) The wave moves in the positive x-direction
For i,

(@)

(b)

(©)

(d)

(e)
A 2m/7 1

T T T 4x/7 T 2

(f) The wave moves in the negative x-direction
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Exercise 1.6 (Three-dimensional wave equation)
The electric field of an electromagnetic wave in vacuum traveling in the positive x-direction is given

by
£ = &eysin (:Z) cos (kx — wt)
0

where ey, is a unit vector in the y-direction and z is a constant.
w

(a) Using the wave equation, obtain an expression for k = k(w).

Solution:
22 9? nz
2 o .
Ve = (8x2 + 822> Eoey sin (Zo> cos (kx — wt)
2
- re-Z¢,
0
9 £ — wepeysin | 72 ) sin(kx - wt)
51& = wéoeysin % sin(kx — wt),
0? ) . (mz )
ﬁg = —w-&pey sin <Zo> cos(kx — wt) = —w*E.
In vacuum, the conductivity o = 0 and the permittivity ¢ = ¢, so the wave equation is given by
P?E 1%
20 _ ge_ %<
ViE=tge = age
Therefore,
2 2
> ., w
—kE—- €= —6—28.

)

By equating the coefficient of £ on both sides, we get the dispersion relationship

2
w =cy[k?+ 7%
0
(b) Find the phase velocity of the wave.
Solution:
LW _C e
=TT k +z% c —I—Z%kz.

Exercise 1.7 (Wavepacket)
Let us take the superposition of an infinite number of plane waves

(e )

P(x,t) = /_ _Afke @R g

where A(k) represents a spectral distribution function.
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