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CHAPTER 1: Introduction

1.1.  Show that the diffusion equation (heat conduction is one example) u,xx = au,;, where

a is a positive constant, is parabolic.

Solution of 1.1.

Uxxy = AU

The above equation can be reduced to a first order form following the same procedure
presented in Section 1.5. We let f = u, and g = u, from which we obtain the two first-

order equations:
fx=ag
ft=9x
Expressing the derivatives of the dependent variables as
fs = fxXs+ fets
gs =GxXs T Grts

And writing the above system is matrix form,

[t 0 0 0](f« g

A |t 0 =1 0]f)f 0
Z= xs ts 0 0|)g.( fs
0 0 x5 tgd\g;: 9s

Dividing by x
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From which we conclude that the diffusion equation is parabolic.

1.2.  Determine the classification of the equation for the dynamics of beams, U,xxxx = @,

Solution of 1.2.

Considering the solution for exercise 1, by inspection, the equation for the dynamics of

beams is also parabolic. Note that, if f = u ,, and g = u, we get

fxx =ag;
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CHAPTER 2: Lagrangian and Eulerian finite elements in one
dimension

2.1.  Transform the principle of virtual work to the principle of virtual power by letting
ou = ov and using the conservation of mass and the transformations for the stresses.
(Note that this is possible since the admissibility conditions on the two sets of test

and trial function spaces are identical).

Solution of 2.1.

The Principle of virtual work is:

XZ XZ Xz
.f (6‘“.)')( PAO dX - (SU.AOnOP)ll"t - 6u pobAodX + 6u pvoudX = 0
X1 X1 X1
The transformation to the principle of virtual power is possible by letting du = v, using the
conservation of mass, p,A4,dX = pAdx, the transformation for the stresses, PA, = oA, and
d dx

. . 9
using the chain rule X 3rox

X2 ax X2 X2
f (6v)'x6_X cAdX — (v Ano)lr, — f dvpbA dx + f SupAvdx =0
X1 X

1 X1

X2
J [(6v),x 0A — 6v(pbA + pAD)]dx — (v Ano)|r, =0
X1

2.2.  Consider a tapered two-node element with a linear displacement field as in Example
2.1 where the cross-sectional area Ag = Ao (1 — &) + Ag2d, where Aoy and Ay, are the
initial cross-sectional areas at nodes 1 and 2. Assume that the nominal stress P is

also linear in the element, i.e. P = P1(1 - &) + Py,


https://ebookyab.ir/solution-manual-nonlinear-finite-elements-for-continua-and-structures-belytschko-kam-liu/

https://ebookyab.ir/solution-manual-nonlinear-finite-elements-for-continua-and-structures-belytschko-kam-liu/
Email: ebookyab.ir@gmail.com, Phone:+989359542944 (Telegram, WhatsApp, Eitaa)

(@) Using the total Lagrangian formulation, develop expressions for the internal
nodal forces. For a constant body force, develop the external nodal forces.
Compare the internal and external nodal forces for the case when Ag; = Agz =
Ao and P; = P, to the results in Example 2.1.

(b) Develop the consistent mass matrix. Then obtain a diagonal form of the mass
matrix by the row-sum technique. Find the frequencies of a single element
with consistent mass and the diagonal mass by solving the eigenvalue
problem

E°T (A, +A,)I1 -1]

Ky=a)2My where K =
2! -1 1J

Solution of 2.2a).

Similarly to the example 2.1, the displacement field is given by the linear Lagrange

interpolant expressed in terms of the material coordinates:

1
wro= s -l

where N = li[Xz—X X—X]and [, = X, — X,.

0

The strain measure is evaluated in terms of the nodal displacements by using & =

ON; ¢
oy - B
X1 ax W ol

e

ON 1
(o= ue=p Spur= 1 ufic)

where B, = li[—l 1].

0

However, the displacement field can also be expressed in parent coordinates

Uy (t)}

u@o = [1-¢ a0
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X—X1

where N(§) = [1—¢& ¢&],with& =

= X’E == lo.

Using parent coordinates, the displacement field becomes

1
6,0 = X N ©u O = T [-1 1]

0

ul(t)}

u,(t)
where B, = X,gl N:(§) = l[—1 1]

lo

We can now obtain the internal nodal forces:

int=j
e
Q
11

Lo

0

1

s 0

int _ Ap1(2P; + Py) + Ag(Py + 2P;) {—1}
e 6 1

The external nodal forces are:

ext:f
e
Q

1 J—
S N R R R 1
R

1
poNTh AgdX = [ oo N7 (€) bAo g

e
0 0

ext — M {21401 + AOZ}
e 6 Ag1 + 240,

Finally, we can compare these results with the ones obtained in example 2.1. The internal

and external nodal forces for the case when Ay; = Ay, = Ay and P, = P, = P become:

o= a0p[ ]
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e

ext _ PO 124010 [Z]

Which are the same results obtained in example 2.1 (provided that b; = b, = b).

Solution of 2.2b).

Consistent mass matrix:

X, 1
ME = f poNTNAydX = f po NTEIN(E) Ag(E)X ¢ dE
0

X1

ME = Pol [34p1 +Agz  Ao1 + Ao
¢ 121 Ao+ Aoz  Aor + 34,

Diagonal Mass matrix (M;; = ¥ M,;)

P = Pol[2401 + Aoz 0 ]
¢ 6 0 Ag1 + 240,

In order to find the natural frequencies, we need to solve the eigenvalue problem using

the stiffness matrix provided in the problem statement:
Ky = w’My = (k— w*M)y =0
Hence,
det (k— w?M) =0

Solving for the consistent mass matrix MS, we find (besides the trivial w. = 0):
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2V6(Ag1 + Agz) |EPF
W, =
¢ lo(Ao1 + 2402) | Po

Solving for the diagonal mass matrix M2, we find (besides the trivial w, = 0):

_ 3(Ap1 + Ao2) EPF
lox/(Am + 2402) (2401 + Ag2) | Po

Wp

Note that w, > wp.

2.3.  Consider a tapered two-node element with a linear displacement field in the updated
Lagrangian formulation as in Example 2.4. Let the current cross-sectional area be
given by A = Ay(1 - &) + Ax¢, where A; and A; are the current cross-sectional areas at
nodes 1 and 2. Develop the internal nodal forces in terms of the Cauchy stress for
the updated Lagrangian formulation assuming o = o1(1 — &) + 02¢ where o1 and o,
are the Cauchy stresses at the two nodes. Develop the nodal external forces for a

constant body force.

Solution of 2.3.

Internal nodal forces:

int—j-xzaNT A = j-laNT( )_1 A() p
f —x1 axa X = T Xig) o A(§)xdE

N=[1-¢ ¢]

x= NT {2} =1 -8x; +¢&x,

Xig = =X+ x5 =1
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. -1l
fmt :f [ 1 ]T (0'1(1 —E) + 0'24,;)(141(1 _E) + AZE)I df
0

£ = [ oy — o) + 252 (0~ 00| { )

External nodal forces:

fort = f " ONTh Adx = fo P [ Fpanc-o+ mpa

4+ 2
fext:p_bl ! 2

3 )4
7+A2

2.4. Consider a 2-element mesh consisting of elements of length ¢ with constant cross-
sectional area A. Assemble a consistent mass matrix and a stiffness matrix and
obtain the frequency for the two element mesh with all nodes free (the eigenvalue
problem is 3 x 3). The frequency analysis assumes a linear response so the initial
and current geometry are identical. Repeat the same problem with a lumped mass.

Compare the frequencies for the lumped and consistent mass matrices to the exact

frequency for a free-free rod, o = n 25, where n = 0, 1, ... Observe that the
L

consistent mass frequencies are above the exact, whereas the diagonal mass

frequencies are below the exact.

Solution of 2.4.

Calculating the consistent mass matrix for each element:

10
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X2 1
an = M(Cz) = M =f pNTN A dx = fOpANTNx’f dA
X

1

For a two-node element with length [:

N=[1-¢ ¢]
x=[1-¢ &a{}=a-9n+ex
Xg= —Xx1+ x; =1

Then,

we=[Tpa|' ¥ n-¢ arae="2 2 ]

X

Assemble the mass matrix for the two element mesh according to the connectivity

matrices:

Cc _—_ C c _
M* =LyMyy + LMy = [

0 1 0 6

100Tp_Al[2 1+[o10TpAlz 1]
6 11 21710 o 11 6 11 2

2 1 0

A
Mfzp?[141]
0 1 2

The stiffness matrix for each element (considering linear elastic isotropic material):

*29NT ON EA;1 -1

X1

Assembling the stiffness matrix for the two element mesh:

ga[1 -1 0

11
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We can now determine the natural frequencies solving the eigenvalue problem as in
exercise 2:

Ky=w>’My = (k—w?>M)y=0

Using the consistent mass matrix:

3E 12E
det(k—w?’M¢)=0 = w?=0V wi=

) V i =

V3 |E c 2V3 |E c
(01:0V(1)2:T EEO.SSlva3: ; ;E 11037

Using the lumped mass matrix:

V2 |E TC 2 |E TC
w; =0V a)2=T ;E 04507 \Y (A)3=7 ;E 0.637 —

The exact solution for the first 3 natural frequencies is (L = 21):

e e

w1=0Vw2=O.51 l

So we see that the frequencies obtained with the consistent mass matrix are above the
exact solution and the frequencies for the lumped mass matrix are below.

12
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2.5. Repeat Example 2.6 for spherical symmetry, where

0,1 fo,
D:JDHHL’GZJUGHL’DN:Vr,r'D99:D =

Solution of 2.5.

For spherical symmetry,

(Vrr
Drr 11 I
D= {Dgo} = {;Ur ¥
D Ll |
folo]
7 r)

Momentum equation in spherical coordinates, for this problem:

do,,
ar

1 .
+ - (20, — ggg — 0¢¢) + pb, = p v,

. 2n pm ,TE
spnt = j j j (6D,0, + 8Dgg + & Dyoy) T2 sin¢ drdpdo
0 0 Jrf
. £
spnt =j SDT ¢ 4ntr?dr
i

Considering a linear velocity field:

U1 (t)}

w0 =1-¢ a{y

13
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