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Introduction

1.1 From Eq. (1.2), the value of Y is infinite if v = ¢, so there is no Lorentz transformation
to an inertial frame corresponding to a rest frame for light.

1.2 Since E = my, for a 7 TeV proton,

_E_ 7x102%eV

_—:7:4 .
m  938.3x 10%eV 7460

Then from the definition of 7,

L iz =0.999999991 .
c Y

This is a speed that is only about 3 meters per second less than that of light.

1.3 This question is ambiguous, since it does not specify whether the curvature is that of
the surface itself (which is called intrinsic curvature) or whether it is the apparent curvature
of the surface seen embedded in a higher-dimensional euclidean space (which is called
the extrinsic curvature). In general relativity the curvature of interest is usually intrinsic
curvature. Then the sheet of paper can be laid out flat and is not curved, the cylinder is
also flat, with no intrinsic curvature, because one can imagine cutting it longitudinally
and rolling it out into a flat surface, but the sphere has finite intrinsic curvature because it
cannot be cut and rolled out flat without distortion. The reason that the cylinder seems to
be curved is because the 2D surface is being viewed embedded in 3D space, which gives
a non-zero extrinsic curvature, but if attention is confined only to the 2D surface it has no
intrinsic curvature. This is a rather qualitative discussion but in later chapters methods will
be developed to quantify the amount of intrinsic curvature for a surface.
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Coordinate Systems and

Transformations

2.1 Utilizing Eq. (2.31) to integrate around the circumference of the circle,

+R 2
C:fds:f(dx%dyz)”z:z/ dx 1+(ﬂ
R dx

subject to the constraint R> = x> 4+ y?, where the factor of two and the limits are because x
ranges from —R to +R over half a circle. The constraints yield dy/dx = —(R> — x2)~"/2x,
which permits the integral to be written as

R R2
c=2f dn\fm—a
Introducing a new integration variable a through a = x/R then gives
+1 4
C=2R / ¢

1 V1 =42
since the integral is sin~'a. In plane polar coordinates the line element is given by Eq.
(2.32) and proceeding as above the circumference is

=27R,

C= fds= far+rap)'”

27
_/ doy/r+ (L _R 7 4o =27k,

where r = R has been used, implying that dr/ do =0.

2.2 Under a Galilean transformation x’ = x — vt and ¢/ = ¢ it is clear that the acceleration
a and the separation vector r = Ax between two masses are unchanged. Thus the second
law F = ma and the gravitational law F = Gmmyt/ % are invariant under Galilean trans-
formations.

2.3 Our solution follows Example 1.2.1 of Foster and Nightingale [88]. The tangent and
dual basis vectors, and the products for g;; = g;; = e;-e;, were worked out in Example 2.3.
The elements for g'/ = g/i = €' - e/ can be obtained in a similar fashion. For example,

12 0,

8 —g (2l+21) (21_ ]) %_%

where the orthonormality of the cartesian basis vectors has been used. Summarizing the

results,
4242 duy 2v % 0 —V
gij=| 4w 4’+2 2u g’=10 % —u
2v 2u 1 —v —u 2R+ +1
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Coordinate Systems and Transformations

@A Figure for Problem 2.5.

By direct multiplication the product of these two matrices is the unit matrix, verifying Eq.
(2.26) explicitly for this case. Utilizing Eq. (2.29), the line element is
ds* = gijduiduj
= g,mdu2 +2gdudv + 2g,,,dudw + gwdv2 +2guwdvdw + gwwdw2
= (42 +2)du? + 8uvdudv + 4vdudw + (4u> 4 2)dv* + 4udvdw + dw*

where g;; = g has been used and no summation is implied by repeated indices.

2.4 Using the spherical coordinates

u =r =0 u3:(p

defined through Eq. (2.2) and the results of Example 2.2,
e-ep=1 ez-e2:r2 e3-e3:r2sin26,

while all non-diagonal components vanish. Thus the metric tensor is

1 0 0
8ij = 0 V2 0
0 0 r*sin?0

The corresponding line element is
ds* = dr* +r*d6* + r*sin”® 0d ¢?,

where Eq. (2.29) has been used.
2.5 This solution is based on Problem 1.2 in Ref. [88]. From the parameterization r =

xi+yj+zk with
x=(a+bcosp)cosH
where the radius of the doughnut @ and radius of the circle b are defined in Fig. 2.1 [this

y=(a+bcos@)sinh z=bsing,

document], the tangent basis vectors are
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4 Coordinate Systems and Transformations
ar . . ,
€ =55 =" sin@(a+bcos@)i+ (a+bcos@)cosb j
0
ep= d —(bsin@cos0)i— (bsingsin®)j+ (bcos)k.

de
The corresponding elements of the metric tensor g;; = e; - e; are

g(p(p:bz 800 =809 =0 896:(a+bcos¢)2-

2.6 The tangent basis vectors and metric tensor g;; were given in Example 2.4. Since g/
is the matrix inverse of g;;, which is diagonal,

10 g (10
8i=\p 2 &0 12

Then the dual basis may be obtained by raising indices with the metric tensor: &' = g'/e s
giving
e' =g''ei+g'%er=e e2=g21e1+g22e2:ri2e2
for the elements of the dual basis.
2.7 For a constant displacement d in the x direction
X =x—d y=y 7=z
Since d is constant
dx' = dx dy =dy d7 =dz
and therefore ds'> = ds?. From Eq. (2.41), a rotation in the x — y plane may be written
X =xcos@+ysin@ Yy = —xsinB +ycosh 7=z

which gives the transformed line element

= (dx')* + (dy')* + (d2)?

= (cosOdx+ sm6dy) + (—sin Bdx + cos Ody)? + dz*

= (cos? 0 +sin® 0)dx” + (cos® 6 + sin® )dy* + dz*

dx* +dy* +d7?
ds?

Therefore the euclidean spatial line element is invariant under displacements by a constant
amount and under rotations.

2.8 Taking the scalar products using Egs. (2.8), (2.9), and (2.20) gives
V= ei-(Vjej) = Vjei-ej = VJSJ‘: =Vi
e[-V = e;-(Vjej) = Vje;-ej = Vjéij = V,',

which is Eq. (2.22).
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5 Coordinate Systems and Transformations

2.9 Utilizing that the angle 6 between the basis vectors is determined by cosf = e; -
ey/|e1]||ez], the area of the parallelogram is

dA = |e||e| sin 6 dx'dx?
= |ei|le2|(1 —cos? 6)"/2dx' dx*
= (lei*le]* — (e 'ez)z)l/zdxldxz.
The components of the metric tensor g;; are
errex=gnn=2g1 lelllef=e-er=g11 l|er]ler] =er-€r =2,
so the area of the parallelogram may be expressed as
dA = (gngx —g%z)l/zdxldxz = \/detgdx'dx?,

where detg is the determinant of the metric tensor. This is the 2D version of the invariant
4D volume element given in Eq. (3.48).
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Tensors and Covariance

3.1 For the three cases

X" ax" axt ax’”
THY iy — yeyB — 2t _Trob
ox% JxP ox% JxP
ox% JxP ox% JxP

! IAvd
Tuv = Vulv = Gm gyv VoV = Gm v T

Ty =v,v" = %%VaVﬁ = %‘Z—ig TP
3.2 From Egs. (3.50) and (3.51) with indices suitably relabeled
oxB 9x“ 92x®
%P 9xV Ix'E + “ox'V ox'H
- (rK Ix® axP ot 9 aﬂ) I

Aty —Th A=A

o xR o axk | axRax” dx% | g T
oxB 9x“ 92x*
T RaB GV O + “oxY oxH
e O3 058 ot 9w 9% ot ox
BN GV OxK kT T QR xT gx% gk
oxP ox® 9%x“
T RaB DY G + “ox'Y x'H
e Ox 0xP o

aB gx/t gV K T TE gV gk

B oxP Ix% o 0x% oxP

=Aap ox'Y x'H T eB gy H gy
ox% oxP

= (Aap = Tiphe) G G-

Ak

which is Eq. (3.52).

3.3 (a) Since 5; is a rank-2 tensor with the same components in all coordinate systems
see Section 3.8), under a coordinate transformation g ¢ = ecomes =90,

Section 3.8), und dinate transf tion guqg®’ = ) b Sual'® =0}
Since g,y is a tensor, if we assume gV is also a tensor then

, 0x* ox av _ OX XY

Spa = 5w g 8xn- & T 0% ox0 8

Then evaluating g;mglavv

(o2

IXN* XYV o OxK dxT o IX* XY o dx% XV
Suaop 9xo 8 T ol g e SN gap 9x0 8 T GuH a0 | W
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