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Coordinating Coordinates

2.1 Starting with ¥ = pcos ¢ + psin ¢3:

P 87;/8p _ cos ¢t + sin ¢j — cosdi+sindj v
|07/ 9p| cos2 ¢ + sin? ¢
and
. OFf0¢ —psingi+ pcos @)

¢ =

= —sin¢i + cos@j v

or/o¢| \/p2 sin? ¢ + p2 cos? ¢

Similar manipulations in spherical coordinates verify Eqn. (2.16).

2.2
- o P2
9p
p 0—{3‘)110
0 A
7% b1

2.3 Cylindrical: dF = 27 dp+ d¢ + 9dz:

g; b g; = plcos gi + sin | = p
or . A R . A
= = §1—psingi + pcos 43l = dp
or 4 N

R — | =k

0z 0z

Spherical: dif = 9Zdr + 97.d0 + 97 Zdg:

. oF .
— =7 la—r‘ =7 ‘sinOcosd)i—i—sinOsinqﬁj—i— c050k| =7

% = 39 =0|r (cos@cos¢i+cos0sin¢j—sinGI;:)| =0r
g—; b q3|r(—sin95in¢i+sin0(:os¢j)| = $rsind
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cos¢p sing 0
2.4 From Eqn. (2.18), the matrix mapping {3, 7, I%} to {p, &, ]AC} is M = | —sin¢g cos¢p O
0 0 1
Similarly, Eqn. (2.19) gives the matrix N mapping {%, j, l%} to {7, 0, (13} So the matrix mapping
spherical coordinates into cylindrical coordinates is M N ~!. Since these are rotations, we can
save a lot of work invoking N=! = NT. Then that the mapping from {7, 0, <2>} to {p, &, lAc}
multiplies out to be

sin 0 cos 0 0
MNT =1 o 0 1
cosf —sinf 0

The inverse transformation is NM7T — which is just the transpose of MNT.

2.5 Writing out the matrix equation

7 sinfcos¢ sinfsing  cosf 7
0 = cosfcos¢p cosfsing —sinf 7 ,
é —sin¢ cos ¢ 0 k

it’s straightforward to verify that # - 7 = 0-6= (;AS . qg =1 and that # x § = qg, etc.

2.6 (a) cartesian: 22 +y% + 22 =1
cylindrical: p2 + 22 =1
spherical: r =1

(b) cartesian: 2 +y2 =1
cylindrical: p =1
spherical: rsinf = 1

2.7 The direction cosines are the cartesian components of a unit vector from the orlgln making
angles a, 3, with the axes. Thus, given two different unit vectors A and B we see A-B = cos @
gives the identity in (b); part (a) is just a special case of this result.

2.8 Decomposing the vectors into cartesian components, but using spherical coordinates,

= rsin@cos¢i+rsianin¢j+rcosGlA€
7’ :r’sinQ/COS(b"ZJrr'sin9'sin¢'j+r’cos€’fc

Then

- = /

77 =rr'cosy

=rr’sinfsinf’ cos¢pcosp’ +rr'sinfsin@’sinpsing’ + rr’ cosfcosh’ .
Solving:
cosy = = sinfsinf’ (cosqﬁcosqﬁ’ + sinqﬁsinqﬁ/) + cosfcosf’
. . ’ ’
=sinfsin®’ cos(¢p — ¢') + cosf cos §
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2.9 Executing the steps outlined in Example 2.2:
d N
a=— (pp+ pdd)
= 3P+ Ph+ 9 + pdd + pod
= b+ pdd + pdP + pdd — pddp
= PP + 2006 + pdd — pddp
= (5—pd*) o+ (pd +200) &
= (h—pw?) p+ (por+2pw) 6 .

2.10 First, |J|2 = |J||J| = |JT||J| = |JTJ|. Then

1P = Ox/0u  Oy/Ou Ox/Ou  Ox/Ov
o oz /Ov  Oy/Ov Oy/Ou  Oy/ov
dz\2 9yy2 9z 9 9y 9y
(Gu)"+(5u)” Budw T uae
oz 9 9y 9 oz \2 9y \2
svou tavaw (50)° +(5)
Before trying to calculate this horrific determinant, note that since 4 ~ 97/0u and 0 ~ 97/0v,
the off-diagonal terms are just 4 - — which vanishes for an orthogonal system. Moreover, the
diagonal terms are just the scale factors h2 and h2. Thus
K2 0

o 2 =h2n2. v
v

|71 =

2.11 Since 6 and ¢A> span the tangent plane to the sphere, then using little more than 2 X j = k does
the trick:
A=0x¢= (icochosd) + jcosfOsin g — l;:sin9) X (—isin¢ + jcos @)
= k cos 6 cos? ¢+ k cos 6 sin? ¢+ jsinf sin ¢ + i sin 6 cos ¢
=1sinfcos ¢+ jsinfsing + kcosd =+ v

2.12 Area elements

(a) In cylindrical coordinates, the scale factors are h, =1, hy = p, h, = 1. Then

i. on surface of constant p, dd = ppdpdz
ii. on surface of constant ¢, dd = ¢A>dp dz
iii. on surface of constant z, d@ = k pdpded

(b) In spherical coordinates, the scale factors are h,. =1, hg =, hgy = rsinf. Then
i. on surface of constant r, dd@ = 772 sin 6 df d¢ = 7 r2dQ

ii. on surface of constant 6, d@ = 6 rsin 6 dr d¢
iii. on surface of constant ¢, dd = ¢A>r dr df

radial equation: m# — mr¢? = -3

2.13 (a) Directly leveraging Eqn. (2.12) immediately yields
k

angular equation: r(ﬁ + 27%2) =0
(b) Simplifying the angular equation as %% (r2<i>) = #% (mr2<i>) = 0 reveals angular mo-

mentum conservation: £ = mr2¢ = constant
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(c) Using Eqn. (2.9) to express the kinetic energy in polar coordinates gives

1 45 1 dr ary 1 .2 272
Emv —5m(a)(a)_§m(r +r¢) .

Using angular momentum conservation in part (b), the kinetic energy is

For a circular orbit 7 = 0, so the entire kinetic energy is due to angular motion.

2.14 (a) A point charge ¢ has electric field E= %mri?’ so that

1
_ B _ 4 PN . q
dd =F - -ndA = 7-ndA= cosf dA
4dmeqr? 4dmeqr?

(¢) The component of the vector-valued area dA = dA & perpendicular to the radial line is
dA cos 0, and subtends the same solid angle as dA; using the definition of solid angle (which
requires r perpendicular to the subtended area),

A
dQ — d 02059
T
we have
dd = -1 40 .
4meq

Since the total solid angle is 47, the net flux is

b= E-nda= 1 =2
s 47eqg < €0

where no explicit integration was necessary!

2.15 Starting with

z=rsinfcos¢, y=rsinfsing, z=rcosb
we get

Ox/Or 0Ox/00 Ox/d¢

|J|=| oy/or 0Oy/00 0Oy/oé
9z/0r 0z/00 0z/0¢
sinfcos¢ rcosfcos¢p —rsinfsing

= | sinfsing rcosfsing rsinfcos¢ |=...=r’sind.
cos 6 —rsin 0
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2.16 (a) a? + = cos? ¢+sin? ¢ = 1. For constant u, this describes an ellipse with semi-

a2 cosh? u

Y
a? sinh?

major and minor axes a cosh u, asinhu and foci at ¢ = & \/a2 cosh? v — a2 sinh? u = +a.

elliptic[u_,¢_]:= {aCosh[u]Cos[¢],aSinh[u]Sin[¢]};

a=1;

uPlots = ParametricPlot[elliptic[u, ¢, {u, 0,1}, {¢, 0,27},
BoundaryStyle — Dashed, Mesh — 9,Frame — False,
PlotStyle — Gray, Ticks — None,PlotRange — All];

zeroPlot = ParametricPlot[elliptic|0, ¢, {¢, 0,27},
PlotStyle — {Red, Thick}, Ticks — None];

Show[uPlots,zeroPlot]

(b) The easiest approach is via Eqn. (2.27b):

£ () ()
“ ou ou
= (asinhucos ¢)? + (a cosh usin ¢)?

=a? [sinh2 u (1 — sin® ¢) + (1 + sinh? u) sin? ¢>] =a? (sinh2 u 4 sin? ¢)

Similarly,
oz \? dy\ 2
= (5) ()

0¢ ¢

= (—acoshusin ¢)? + (asinhu cos ¢)?

=a? [(1 + sinh? u) sin? ¢+ sinh? u (1 — sin? d))] =a? (sinh2 u+ sin? 1;5)

22 4y? 22 — ain? 29 _ f :
2.17 (a) — ooi?u T Toonza = Sin” 0 + cos®f = 1. For constant u, this is the equation of an

ellipsoidal surface. Note that the surface intersects the zy-plane in circles of radius a cosh u,
whereas ellipses in the zz- and yz-planes have semi-major axis a coshu, and semi-minor
axis asinhu.

2,,2 2
— —Isr:;yz—g — iy = cosh?u — sinh?u = 1. For constant 6, this is the equation of a
hyperbolic surface. Once again, the curves in the zy-plane are circles (this time of radius

asin ), but those in the xz- and yz-planes are hyperbolas.
(b) Starting with £ = acoshusinfcos¢, y = acoshusinfsin¢, z = asinhucosb, the easiest
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approach is via Eqn. (2.27b):
o\ 2 Ay \2 92\ 2
() (2 (5)
ou ou ou
= (asinhusin 6 cos ¢)? + (asinh usin @ sin ¢)2 + (a cosh u cos 6)?
=a? (sinh2 usin? 0 + cosh? u cos? 0)
=a? [sinh2 U (1 — cos? 9) + (1 + sinh? u) cos? 9] =a? (sinh2 u + cos? 9) v
It’s easy to see that hy gives the same. As for hy:

2 2 2
hi = (%Z) (Z—Z) + (g—;) = (—acoshusin@sin $)2 + (a coshusin @ cos ¢)? = a? cosh? usin?9 v

(c) Easy: |J| = huhghy = a® coshusin @ (sinh2 u 4 cos? 9). But if you prefer the long way:
Ox/Ou Ox/00 Ox/0¢

|J|=| 0y/ou 0Oy/00 0Oy/d¢
0z/0u  0z/00 0z/0p

sinhusinfcos¢ coshucosfcos¢p — coshwusinbsing
=a®| sinhusinfsin$ coshucosfsing cosh u sin 6 cos ¢
cosh u cos @ —sinh u sin 0

=...=a3coshusinf (sinh2 u + cos? 9) .

(d) Surfaces of constant u have

da = hghg df dp = a® coshusin 0 \/sinh? u + cos2 0 d0 d¢ .

Since hy, = hg, surfaces of constant 6 have the almost-identical

da = hyhg dudp = a® cosh usin @ \/sinh? u + cos2 0 du d .

2.18 Using the h; for Problem 2.17 in Eqns. (2.27), and with

7= acoshusin0005¢i+acoshusin&sinqﬁj—i—asinhucosel% ,

we find
1 or 1 «
Ey = e (sinhusianosd)iJrsinhusinasin¢j+acoshucos@k)
hu Ou | Jinn? u + cos? 0
1 or 1 A
ép = e S— (coshucosecosdwi—l—coshucos@sind)j—sinhusin@k)
he 96 v/ sinh? u + cos2 @
and
1 orF 1
ey = or = —————— (—coshusinfsin¢i+ coshusinfcos ¢ j) .

@% " coshusin@

Multiple use of the identities cos? +sin? = 1 and cosh? — sinh? = 1 readily demonstrates that
these vectors form an orthonormal set.

2.19 From Eqns. (2.27), we have h;é; = 07/du;:
hy? = (sin 1 sin 0 cos ¢, sin ¢ sin 0 sin ¢, sin ¢ cos 0, cos 1))
hwfz = r (cos 1 sin 0 cos ¢, cos 1 sin 0 sin @, cos 1 cos O, — sin 1))
he =7 (sin 1) cos 6 cos ¢, sin 1) cos 0 sin ¢, — sin 1 sin 6, 0)
h¢¢§ = r (—sint sin O sin ¢, sin ¢ sin O cos ¢, 0, 0)
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Each is indeed orthogonal to the other three, and the magnitude of each gives the scale factor:
hr=1 hy =1 hg=rsiny hyg =rsinysing,

which together produce the required line element in R*. Finally, the product of the four gives
the Jacobian, |J| = r3 sin? ¢ sin §.

2.20 For hyperspherical coordinates
T4 = 7T COSY
r3 = rsiny cosf
r9 = rsin sin 6 cos ¢
xr1 =rsinysinfsing ,
the Jacobian matrix is (in reverse order, as suggested)

(x4, 3,22,21)
= |—F———"

a(r, ’lz)’ 0? d’)
cos —rsiny 0 0
- sin ) cos 6 T cos 1 cos 6 —rsin sin 6 0
" |sinysinfcos¢ rcosiysinfcos¢ rsinicosfcosp —rsinisinfsing
sinysinfsing rcosysinfsing rsinty cosfsin @ rsin 1) sin 6 cos ¢
r cos 1 cos 6 —rsinysinf 0
=cosy |rcosysinfcos¢p rsinycosfcos¢ —rsinty sinfsin@
rcosysinfsing rsiny cosfsin ¢ rsin 1 sin 6 cos ¢
sin ) cos 6 —rsinsinf 0
+rsinty |sinysinfcos¢ rsinycosfcos¢ —rsin sin b sin p

sinysinfsin¢g rsiny cosfsin g rsin sin 6 cos ¢

Now each additive element of a determinant has exactly one contribution from each row and
column. So a common multiplicative factor of a column or row can be moved outside the
determinant. We can do just this with all the factors of sinv and cos, giving

cos 6 —rsinf 0
|J| = (r cos? 1 sin? ¢ + rsin® 1[)) sinfcos¢ rcosfcos¢ —rsinfsing
sinfsin¢g 7 cosfsin ¢ rsin 6 cos ¢

Of course, we could also have taken out two more factors of r, but leaving them helps us recog-
nize the remaining 3 x 3 determinant as the Jacobian 72 sin § of standard spherical coordinates
in R3. Thus

|J]| = (rcos?sin?p 4 rsin? 1) 72 sin @ = r3sin? 1 sin 6 .
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Complex Numbers

3.1(a) e 2 =¢Te " =1V
(b) e — gtelnmw
(C) (,ﬂ- ie (ei‘rrelnﬂ)ie — e—€eTelelnm
(d) GeT — ( 1‘rr/2) — ie7r2/2 v
)

(e) (— ,L)e'/rz _ (67,37\'/2) e(1+ilnm) — ¢iB3em/2,—3mln(m)/2

3.2 In the cartesian representation z = a + b,
|22 = 22" = (a +ib)(a — ib) = a® + b?
122 = |(a + ib)?] = |(a® — b?) +i(2ab)| = \/(a? — b2)2 + (2a)2 = /(a2 +b2)2 = a® + b?

In the polar representation z = re’? it’s even easier:

2| = 22* = reP re” % = y2
122] = |(ret#)?| = [r2e%i0| = 17

In general, |2"] = |z|™ = r™.
3.3 Starting with z = cos 6 + isin @, we have

dz = (—sin 6 + icos 0)do
= i(cos + isin0)df = izd0 .

/%:i/dG — z:ew,
z

where the constant of integration is determined from z(0 = 0) = 1.

Thus

3.4 Compute the square in two equivalent ways:
1) (a4 ib)(c + id)|? = |(ac — bd) + i(bc + ad)|? = (ac — bd)? + (b + ad)? = p® + ¢°
2) |(a +ib)(c + id)|? = (a® +b?)(c? +d?) = MN .
Thus MN = p? + ¢%. For example,

M=13=22432

_ (9.9 _a.4)2 3 9.1\2 _ g2 2
N o534 }MN_325—(23 3-4)24(3-3—-2-4)2=62+417

35(@) z1=i4+ V3:|z1]= VIF3=2, arg(zl):arctan( /f) — 2z =2¢i7/6
zo =1 — \/§:|zg|=2 arg(zl):arctan( 1/\/’)_5% = 29 = 2¢%57/6 = 9e—in/6

(b) 20 = 2ei™/2 s /2] = £/2e17/4 = :I:f(f f> +(1+14)
24 2i/3 = 4¢i™/3 2+2i\/§:i26”/6:i2(7f+%):i(\/§+i)

o:l:l
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