
Problem 1.1: Solution 

Write the mass, momentum and energy conservation equations for an incompressible, constant 

property and Newtonian fluid, for the following systems: 

a) Downward flow in a vertical pipe mass (continuity) 

let ��� = (�, �, 	) 

u: r-component 

v: θ-component 

w: z-component 
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One may use physical argument and conclude that for axi-symmetric flow v=0 everywhere. 
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b) Downward flow in the above vertical pipe, where the hydrodynamic entrance effects have all 

disappeared (assume fully developed flow � 
=>���
=? = 0) 

Mass: 

1
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Note that one may argue that for axi-symmetric flow v=0. 

Momentum:  
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(All the terms in this equation will vanish, leading to 
�'
�� = 0, which implies that P does not 

depend on @.) 
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The only terms that are finite in this equation are: 
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After neglecting terms that are zero, we get: 
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c) Repeat part b assuming axi-symmetric flow and assuming the hydrodynamic and thermal 

entrance effects have all disappeared.  

 

Mass: 

1
�
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Momentum: 
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Note that in these equations � = 0, � = 0 everywhere.  Terms involving u and v all disappear.  
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Notes: 

1. In axi-symmetric flow all @-dependent terms must be dropped. 

2.  In the last equation the term 
�6
�� must follow the forthcoming Eq. (4.2.22) for thermally 

developed assumption to hold.  Also, fully-developed and thermally-developed flows imply 

steady-state, therefore time-dependent terms should also disappear.   However, in practice 

slow transients (quasi-steady state) flows can behave approximately like fully-developed 

and thermally-developed flows.  
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Problem 1.3 2nd Ed.. Consider the flow passage shown in the figure.  The flow passage has a semi-

circular cross-section, and its axis makes an angle of inclination equal to γ with respect to the horizontal 

plane. The curved surface of the flow passage is at a constant temperature Ts, and the flat part of the 

flow passage surface is adiabatic. An incompressible, constant-property fluid flows through the flow 

passage. Using polar cylindrical coordinates, write the complete momentum and energy conservation 

equations, along with boundary conditions representing the surface of the flow channel. 

Hint:  Start from the equations in Appendices B and C. 

Solution: 

Equations of Motion for � = �������� 
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Problem 1.4 2nd Ed.. Consider the flow of an incompressible and constant-property fluid 

parallel to an infinitely large flat surface.  The flow field is two-dimensional.  At wall suction of 

fluid takes place at a uniform rate such that the fluid has a velocity equal to vs at y=0 . The 

surface temperature is uniform at Ts.  Far from the surface the fluid has a velocity of U∞ and a 

temperature of T∞. 

1. Prove that for all parameters to be independent of x we must have  v=constant=vs
everywhere.

2. Simplify and solve the momentum equation in x direction, and derive an expression for

the velocity profile u(y).

3. Assuming that viscous dissipation is negligible, simplify and solve the energy equation

and derive an expression for the temperature profile.

4. Assume that the fluid is atmospheric air, and

0.005 / ; 300 ; 320s sv m s T K T K  

Find the distance from the wall where 0.99u U  and     0.99s sT T T T  
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Problem 1.7 

The Navier-Stokes equation for an inviscid flow is: 

body
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P F

Dt
ρ = −∇ +

�

�

       (1)      

The left side of this equation can be recast as: 
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2
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 For irrotational flow, 0U∇× =
�

.  Furthermore, for irrotational flow a velocity potential φ can be 

defined so that, 

U φ= ∇
�

       (4)       

Combining Eqs. (3) and (4), and integrating between two arbitrary points i and j, gives:  
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Problem 1.9: Solution 

a)  

 

  Assume incompressible, constant‐property fluid, and assume the plate is infinitely large.   

The x‐momentum equation will them be, assuming laminar flow and negligible viscous 

dissipation: 

 డ௨

డ௧
൅ ݑ

డ௨

డ௫
൅ ݒ

డ௨

డ௬
ൌ െ

ௗ௉

ௗ௫
൅ ߥ

డమ௨

డ௫మ
 (1) 

  By virtue of being infinitely large, no x‐dependent terms will occur.  Also, ݒ ൌ 0, because finite 
   :will not be consistent with the infinitely large plate assumption.  We end up with ݒ

    
డ௨

డ௧
ൌ ߥ

డమ௨

డ௬మ
   (2)   

  ݑ ൌ ܷ଴ at ݕ ൌ 0 

  ݕ as 0→ ݑ → ∞ 

The solution to this p.d.e. is  

ݑ
ܷ଴

ൌ 1 െ erfሺߟሻ 

  ߟ ൌ
௬

ଶ√ఔ௧
  (3) 

Where the error function is defined as: 

  erfሺݖሻ ൌ
ଶ

గ
׬ ݁ି௭

మ௭
଴   ݖ݀ (4) 

߬௦ ൌ ߤ
ݑ݀
ݕ݀

|௬ୀ଴ ൌ ߤ
ݑ݀
ߟ݀

ߟ݀
ݕ݀

|௬ୀ଴ 

  ൌ െܷߤ଴
ଶ

√గ
݁ିఎ

మ
|ఎୀ଴

ଵ

ଶ√ఔ௧
ൌ െߤ

௎బ
√గఔ௧

  (5) 

The physical problem can thus be simplified as a fluid layer with thickness of √ݐߥߨ, with linear 
velocity profile. 

 

 

 

g 
y 

U0 
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b)  

 

 

For heat diffusion in a stagnant fluid, we have  

   
డ்

డ௧
ൌ ߙ

డమ்

డ௬మ
  (6) 

  Define ߠ ൌ ܶ െ ஶܶ, then 

   
డఏ

డ௧
ൌ ߙ

డమఏ

డ௬మ
  (7) 

  At  ݕ ൌ ߠ ,0 ൌ ௦ܶ െ ஶܶ 

  at ݕ → ߠ ,∞ → 0 

  The solution will be  

   
்ି ಮ்

ೞ்ି ಮ்
ൌ 1 െ erf	ሺߟᇱሻ , ߟᇱ ൌ

௬

ଶ√ఈ௧
  (8) 

  The wall heat flux will be found by writing, 

௦′′ݍ ൌ െ݇
݀ܶ
ݕ݀

|௬ୀ଴ ൌ െ݇
ߠ݀
′ߟ݀

′ߟ݀
ݕ݀

|ఎᇲୀ଴ 

    ൌ ൅݇ሺ ௦ܶ െ ஶܶሻ
ଶ

√గ
݁ିఎ

ᇲమ
|ఎᇲୀ଴

ଵ

ଶ√ఈ௧
ൌ ݇ ೞ்ି ಮ்

√గఈ௧
  (9) 

  It is as if at any time ݐ we deal with quasi‐steady conduction through a slab with a thickness of 

   .ݐߙߨ√

c) In this case, assuming that viscous dissipation is negligible, the governing equation and solutions 

will be exactly as before.  

 

 

 

 

 

 

 

 

 

y 

Ts 

q’’s 

T∞ 
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Problem 1.12 

 

The thermal energy equation is: 

 

( )
D DP

k T
Dt Dt

ρ µ= ∇ ⋅ ∇ + + Φ
h

   (1) 

Also, from thermodynamics, for a pure substance 

( ),T P=h h  

P

v
= v T

P T

 ∂ ∂   
−    

∂ ∂    T

h

 

Therefore 

P

T P P

v
d dT d P = C dT v T d P

T P T

 ∂ ∂ ∂     
= + −      

∂ ∂ ∂      

h h
h +

 

Equation (1) can then be cast as 

( )

2

1

1

ln ln

ln ln

P

P

P P

P

DT T DP
C k T

Dt T Dt

v

v T

T T T

T T

T T T T

ρ
ρ µ

ρ

ρ

ρ ρ

ρ

ρ ρ ρ ρ

ρ ρ

∂ 
= + ∇ ⋅ ∇ + Φ 

∂ 

=

  
∂  

∂ ∂     = = −    ∂ ∂ ∂   
 
 

∂ ∂ ∂ ∂ ∂ 
= =  

∂ ∂ ∂ ∂ ∂ 

 

Because 1vρ = , then we get 

( )P

P

DT v DP
C T k T

Dt T Dt
ρ ρ µ

∂ 
= + ∇⋅ ∇ + Φ 

∂ 
   (2) 

Also, since 
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2

1

1

P P

P

v

T T T

ρ ρ

ρ

  
∂  

∂ ∂     = = −    ∂ ∂ ∂   
 
 

 

Equation (2) can then be case as,    

 

( )P

P

DT T DP
C k T

Dt T Dt

ρ
ρ µ

ρ

∂ 
= + ∇ ⋅ ∇ + Φ 

∂ 
   (3) 

Furthermore, 

 

ln ln

ln ln

T T

T T T T

ρ ρ ρ ρ

ρ ρ

∂ ∂ ∂ ∂ ∂ 
= =  

∂ ∂ ∂ ∂ ∂ 
  (4) 

Comparing Eq. (4) with the first term on the right hand side of Eq. (3), the problem has been solved. 
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Problem 1.13: Solution 

a) ��������			 = �
��∭ ������� +∑ �� ������� − ∑ �� �������� − ��� ��

 �� −∑ �!""#! !$%  

 

&#= Number of boundary areas through which heat transfer takes place 

 

b) Use the divergence theorem to write, for a control volume,  

 

' ��()**+ ∙ &**+-�. =/ ∇ ∙ (�)**+�-��
���#��

 

 

' 1+		 ∙ &**+
2 �. =/ ∇ ∙ 31+		2 4�����#��

 

 

Substituting in the differential equation, and taking the limit of ��� → 0, one gets 

 

�����			 = 7
78 9��: + ∇ ∙ (�)**+�- + ∇ ∙ 31+		2 4 −

1�
2 

 

This equation can be rewritten as: 

 

�����			 = � ;7�78 + ∇ ∙ (�)**+-< + � ;7�78 + )**+ ∙ ∇�< + ∇ ∙ 31+		2 4 −
1�
2 

 

The first term on the right side vanishes because of the mass conservation principle.  We then 

get: 

 

�����			 = �=�=8 + ∇ ∙ 31+		2 4 −
1�
2 
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File:Problem 1.16.EES 7/2/2011 1:44:45 PM  Page 1

EES Ver. 8.637: #1733: Mechanical Engineering Department, Georgia Institute of Technology, Atlanta GA

"Problem 1.16"

P=1.e5

T=300

M_L=18

M_CO2=44

m_CO2_L=25e-6

M_air=29

"Get mole fraction of CO2 in water"

X_CO2_L=(m_CO2_L/M_CO2)*M_L

"Air and water are at equilibrium.  Therefore Henry's laww will determine the CO2 concentration in air."

"From Appendix I:"

C_He=1710e5

"Now:"

X_CO2_L*C_He=X_CO2_G*P

m_CO2_G=(X_CO2_G*M_CO2)/((X_CO2_G*M_CO2)+(1-X_CO2_G)*M_air)

Problem 1.16

P   =  100000

T   =  300

ML   =  18

MCO2   =  44

mCO2,L   =  0.000025

Mair   =  29

Get mole fraction of CO2 in water

XCO2,L   =  
mCO2,L

MCO2

 · ML

Air and water are at equilibrium.  Therefore Henry's laww will determine the CO2 concentration in air.

From Appendix I:

CHe   =  1.71 x 10
8

Now:

XCO2,L  · CHe   =  XCO2,G  · P

mCO2,G   =  
XCO2,G  · MCO2

XCO2,G  · MCO2  + 1  – XCO2,G  · Mair

SOLUTION

Unit Settings: SI K Pa J mass deg

CHe  = 1.710E+08 Mair  = 29 MCO2 = 44 

mCO2,G  = 0.0263 mCO2,L  = 0.000025 ML  = 18 

P  = 100000 T  = 300 XCO2,G  = 0.01749 
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File:Problem 1.16.EES 7/2/2011 1:44:45 PM  Page 2

EES Ver. 8.637: #1733: Mechanical Engineering Department, Georgia Institute of Technology, Atlanta GA

XCO2,L = 0.00001023 

No unit problems were detected.
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File:Problem 1.20 First and 1.23 Second Ed.EES 2/19/2017 3:07:48 AM  Page 1
EES Ver. 10.102: #1733: Mechanical Engineering Department, Georgia Institute of Technology, Atlanta GA

"Problem 1.20"
P=1.e5
T=320
M_L=18
M_Cl=35.46
m_Cl_L=50e-6
grad_m=100 "[1/m]"
"From Appendix J, at 298 K"
D_Cl_298=1.25e-9
mu_298=viscosity(water, P=P, T=298)
"To estimate D_Cl at 320 and 400 K temperatures, we cna use teh correlation of Wilke and Chang (1955), Eq. (1.5.24), 
whereby
D_12 is proportional to mT/mu:"
mu_320=viscosity(water, P=P, T=320)
"For a temperature of 400 K, atmospheric pressure would result in boiling.  Therefore, the pressure must be larger.  The 
effect of pressure on liquid  water properties will be 
small, however.  Let us assume a pressure significantly larger than the saturation pressure of water at 400 K.  Assume a 
pressure of 3 bars."
P_400=3e5
mu_400=viscosity(water, P=P_400, T=400)
D_Cl_320/D_Cl_298=(320/mu_320)/(298/mu_298)
D_Cl_400/D_Cl_298=(400/mu_400)/(298/mu_298)
"Now calculate the diffusive mass fluxes."
m_DD_320=D_Cl_320*grad_m "[kg/m_2. s]"
m_DD_400=D_Cl_400*grad_m "[kg/m_2. s]"

SOLUTION

Unit Settings: SI K Pa J mass deg
DCl,298  = 1.250E-09 DCl,320  = 2.078E-09 
DCl,400  = 6.856E-09 gradm = 100 

298 = 0.0008936 320 = 0.0005773 

400 = 0.0002187 MCl  = 35.46 
mCl,L  = 0.00005 mDD,320  = 2.078E-07 
mDD,400  = 6.856E-07 ML = 18 
P  = 100000 P400  = 300000 
T  = 320 

3 potential unit problems were detected.
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1.21
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