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Probiem 1.1
Given points P; (1, -1, 2) and P; (1, 0, -3)
(a) Computation of the unit vector in the direction of f’ﬁ’;
The position vectors of points P; and P; are
6-‘;. < bi-ip*2iy
O0F =i;-3i
Accordmg to the parallelogram rule the vector Ple is obtained as follows
?P ‘0" D? s ‘1‘513
Theumtvectormthedlrecnonof—_}zis
i .Y, . 22-5i3
REl Va6
(b) Computation of the angle < P,OP,
The dot product of the vectors OP) and OP; is
(0B }0B,)=1-625
We have also that
(01‘)-(6‘;2)- lG’ﬁ“éﬁ\caG: (7€) (Vi0) cos ©®

and
cos®:= = S = - 0.6454
60
or
o0:=1350.2"
Computatlon of the angle <0P;P2
Thevectors P,OandPleare
P.O='.'s412 244
G- t2-5i,
Theirdotprodug is
(FOXRR) = t+10=1]
We have also that -
(BOXFR) = | 58] |FR\eos s = (&) (1T con s
and

cosg= __ V' .oes0%

(re)(rze)
¢b= 28.3°

or
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(c) Computation of the unit vector i, normal to the plane specified by the points O, Py
andP;.
OP e, - |.2+ 23,
0= ia- Sis
The cross product of these vectors is
(08,) x (68 = (3+0)i, + (243D, +(041)i3=3{,45i,+ {4

i oo+ ShtSiakes

T r3s
(d) Computation of the volume of the parallelepiped whose edges are OP, OP; and
OoP;. |

0 a=.i|--‘:z*253

~ .

OP;‘.(Q‘sis

6‘933-1.&29_-“3
As shown above

(68)x (0%,)= 34,+ Si, 414

And the volume V of the parallelepiped is
V= (08,) [(6F,) x (5F,) ] = -3+1041= 8m

Problem 1.2
Referring to relatlon (1.31) we have

o; = &. ﬁj cr Ay a, 45,0,
Thus,

°l'|=2u°t +Ap0, =a,= 4

:22!{1,-5 Zgzags Q2 =

)
m\l» A

[4
O3= )Slqr‘ 2‘.!2"“1,= = -

N

b e i (5 (45)'s

Anether way of solving this problem is referring to relation (1.33a)

1

Q i 1= o 4 4

’ - . { X

wi=le = o= |3 )%

[2

o o -t ' Iilo -3
oz -
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Problem 1.3

(a) Calculation of the angle between the vectors a and b. We denote this angle by ©

cosO= .é.:_‘g— S248-2 8  _iass
1allel w9 G (se)

©=3855°

or

(b) The component of the vector b in the direction of vector a is given by the following
dot product

(c) We calculate the cross product of the vectors a and b referring to relation (1.19)
axb=(2444) 14 (8418)i,* (-6416 )iy = 2B, 4265+ (O,
The area of the parallelogram whose sides are the vectors a and b is equal to the
magnitude of the vector (a x b), thus
{(axb)l« 28%926% 41" = 395w
(d) The volume of the parallelepiped specified by the vectors a, b and ¢ is equal to the

absolute value of the dot product of the vectors ¢ and (a x b), thus
le -CanY=]C5,- 63,4 i,\-(zag,+26iz+coi_,)i-.-]za.ussuol:

-ugl = 8 '“’3

Problem 1.4

Figure a

The position vectors of points A, B and P are
Ta "2.50*52"'3.‘3
as ’jo*ziz'SS
Cpc - L1420,
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__’ -
And the vector AB is
AR G-Gashitli-4h

The unit vector in the direction of the vector AB is
s bidia-4y
pps ————me——2_
T e
Referring to Fig. a the shortest distance from point P to the line passing through points 4
and B is equal to the magnitude of the vector PC. Thus,

(e i=1APlsin® ©
where o -
Kb=fp-0y = ~ig+ 2ig+ 2iy-ta-Biy = Livka3ls
We have also that
t;c‘:\ike x AP\ (b)
Thus, .. )
(e x AP= (ia-4d) | (14i,-30 DB EWAIRI -0y
. {8 8
Lo (i-1)
T 1A
Yi§
And the magnitude of the vector (isg x AP) is
- ——
{MB"AP]=L‘%: —‘3— (c)

Substituting relation {c) into (b) we have
liagx K?\= ‘F,C\:-—ls—

Problem 1.5

(a) Referring to relations (1.25a) we have
Au)«s\- A Aga v Az Az =0
Az A3t Aoz 23t A2 A3a=0

T T
22{3¥ Aa3t Azy =1

@

From the data of the problem we have
}“::0 At'z,:'%—- 2\3‘%

Azuzt  I2=0 A= O ®
Substituting (b) into (a) we obtain
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A3 A33:0
('.’.‘5_ )(%}4— As2 Aza-0O
(33-)2+ ﬂgs = |
or

Az3=22% , Am=o0 33z=i_;.3:—

(b) We denote the given tensor by[Al Referring to relation (1.37a) we have
T
[A1=[A31A1[A] -

o -4

2 2 2 6 o c 1 o
o o o 3 -5 ’g- o %
0 35- —%— o o | % 0 Tg—
i o 5s 468 O 224
= © 2 o = o °
-€L o ’535—— _2.3¢ o ~-©°€

Problem 1.6

(a) The coordinates of point P with respect to the system of axes x;', x;', x3' are

14
xl A -3 -4

> -A3 84
% u Bu -2 153 '3
%, { = 4 -3 v Y= 9§ 4 /- o3
z ° 5 5
’ @ - 0 -
*3 =z 3@ =3 = -09

(b) Expanding relation (1.7Q) we obtain
A';j =z % % Aic )jm Acm =§;'(2£x')jiAK| +)i&a\‘)2 AKz“'();KajBAKQ

k=i m=1

= Ay Ay Arz + Ap Az Aga + iz A5y Aag.
Thus substituting the given values in this equation we have

A=A A2 )iz + 0 Mgzt (AisAi2)Asg

=-3 .3 24 - -63 __126
5 5 S0 SO
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Ao = (Aad22) Az 4022 A22 Y Az2 4+ (A3 Xz2) Ay
B, 2 a2, 8B4 _
‘sa* 156 250% © IsiE 2,3%6
Alaz (A Aad A+ (An As2)Aga + (A3 A22) Anz

=2 x 24—_2_9—-—:_6_1:‘.260
5 SO SO S50

!
Ag = (A22 A2 ) A2+ (Agy Ma)Ase
1z "—-—-G—-- = ~-0.130

_ _8

= Zsfz 2512 =~ 2502

A'22= 3221 Azz"‘ (A2 222)A3?.

= -16 4, 24 = B -0 .320
25 25 2S

Ay = (Az2 932)A22 +(Ae3daz ) A2

=2 _,_\8 . 6 _ oo
= %5 287z 2503

A’3| = ( 33‘ a‘ 2‘\ A'?-* (232 Rn)A 11“’ (A 332 |23 Aaz

3 42 124 -3 - ooc
5 so S0 SO

A'32 2 (A3 022) A2+ (A32 A2 ) Azz + ()33')‘2?)A32

.8 _a2 .32 _ - -4 _ __oud
, S5 =252 253 2512
Aan=(231232) Avz4 (Agz Aaz)Agz +( 23323,)?«31
':_3_-_9__2_&_.:’.}__:—0-06
s so SO so

The same results may be obtained using matrix multiplication. That is

K -3 _4 o 2 o\ [ 1

— - —— . O

z St Sz [F3 (£
A= “ allo -toll-2_& 3
(w] ? =Y s 52 s sYZ

L 3 e \,0 -2 0l{_a -3 _&

L_E sz 512 ‘Sri— S Sy3z

’—‘
-6 s 63 | [ e 231 26

=l.6 . _8_ =| ol o.32 o}
2s17 25 25¢(7
3 -4 .3 6.06 -—O.M3 ~O08

—

| S0 25(2 sSO_|

(c) The equation of the plane x,-x;+2x; = 1 can be rewritten as
Xy
(r -1 21)*2{=1

xs @
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Referring to the equation (1.34a) we have

. A 0 = .
X, T Y %, G 1z Xy
P I 4 .
et WEss £ & el o
X i SUR e VR - SO0 !
73 3 S S5 SvZ X3
Substituting equation (b) into (a) we hav:a
[ 1 °  qz o
t -y 2 > ’ =1
S S5 SI% ¥
4 -3 4 !
E 5 s "3

or ’
7

Problem 1.7
(a) Referring to relation (1.33a) the ‘rdinates of pojnt P in the system of axes x are
x,’ *®3 — [=4 - 3
3 e
Sl =8 L S,
3 3 - t -4
LS A
+8
2{’—2‘7—; 4,998
T lagraz-4) = 1.813%
Y&
3R-26-4 -1.315
Yo

{b) Referring to equation (1.73b) we have

3= (AL LAY AT

Thus, f 7 2 oy 4 H 4
e - o - _— == =
s 0% 5T
’ = 4 § Y (o]} - ——
LM% = o ' °lle W% "«
t _ A o 2 \ A
I M 1 © -
= T2

Al 3

_\
Al

— -
= Ye V(6

"

1.350 -0658 -0.025

-o.41 -v.238 ©.345
-0.91%  ~05%03 2.430
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(c) The equation of the plane in the system of axes x|, X,, X3 is

or

Xy
B 3-]x0=1 @
*3
From relation (1.34a) we have
) x' ,_,‘._- i .t.... Tt
L5 =[A] X; lo L. -4 x?’_
7z
A ! S-S I W § 9%
> Bl lw w =il
Substituting equation (b) into (a) we have
KR /
3 LES ) |
- A N =
La-dfe & -&|)ut-d
- B *3
| & w| 7
Or -
LAHZ X, + 28618 xf - 13743 =1
Preblem 1.3A
Given the symmetric tensor of the second rank
2 t o
l=[; 4 o
0 o0 3

(a) Referring to relation (1.124) we have the following stationary values for the tensor(_A]

AI 3-;—‘ (Au +Au)+W: 3+02

73';2_: é—- (A\H‘ Av_)__ (Au-:_zz)?}_ A"'z = :’>—E

R}"s
From relation (1.122) we have
— o °
w2 - 2l ..y and 237135
- Azz
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Or
CT’: 615 counter-clockwise
In Figure a. we show the principal axes Xy, Xz
Axis of maximum
diagonal component
o~
A

Axes of maximum
non-diagonal component

X

§,:615"

Figure a

(b) Referring to relation (1.129) the maximum value of the non-diagonal components of
the tensor [A] is

(Ko | (2522 A:J"f 2=k J *

From relation (1.127) we have

< -Ag -4 2 _45°
{aﬂ2¢>"= - A;A:: s _2—;—:1 ancl 2$“-45

Or

:\i., =225 counter-clockwise
In Fig. a we also show the axes 2, "5(.52 with respect of which this maximum value of the
non-diagonal components occurs.
(c) Referring to relation (1.61) the diagonal component of the tensor {A] in the direction
of the unit vector i is

- 108 (3l B 1T L ] HF 5

Problem 1.8B

Given the symmetric tensor of the second rank
O o o

[6]:0 3 -
o -\ 2
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(a) Referring to relation (1.124) we have the following stationary values for the tensorﬁ33
B =0 =
B S5+i15

E,ﬁ(sw Bas )* \} =y - 27

322 B33 + 82

From relation (1.122) we have

13025 = 262 +-2 .. 5 --6343°
anee B,,-Bas 3.2 2  and 24,

&,,=31%2"  clockwise
In Figure a we show the principal axes X;, X;

Or

~ \ %3

% %

Axes of maximum
non-diagonal component

%

2

Py = 13.28°

?

$, 332"

Axis of maximum
~  diagonal component
XZ
Figure a
(b) Referring to relation (1.129) the maximum value of the non-diagonal components of
the tensor [B] is

Ha
(B [Bn LS ] [ mr] L

From relation (1.127) we have

= B, -B 3-2 .
W2t s -0 Gy

L
2
Or

$,, = 13.28 counter- clockwise
In Fig. a we also show the axes x, andlig with respect of which this maximum value of
the non-diagonal components occurs.
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(c) Referring to relation (1.61) the diagonal component of the tensor {B] in the direction

of the unit vector in‘i\'s 0 O o 4
A g L1 M I

o -t 211

[
lﬁ. 3

Problem 1.8C
Given the symiunetric tensor of the second rank

2 o -3
-3 0 &
(a) Referring to relation (1.124) we have the following stationary values for the tensor C

= ! C -G\ 2
C3=_2_,((334C.‘)+?(_a?_ + G2 =36

6. = —t—z— (C33*Cll)— V(E,_;_;_QL ?:', C‘l;‘ =5_W6

C, =0
From relation (1.122) we have

275 . 203 _ -6 ___=3 d 2% =356
a2y e 2B - 263 2,

Or
Paz= 3s.1¢° clockwise

In Figure a. we show the principal axes X3, X;

x‘ -
X
Xy
$-027
3333518° X3
Axes of maximum
non-diagonal component Axis of maxi
.. diagonal component
%3
X3

Figure a
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(b) Referring to relation (1.129) the maximum value of the non-diagonal components of
the tensor [Cl is

]
(Catmax = Kgg_?-rg_.)ﬂ Cs ", [« 37l e
1

From relation (1.127) we have

3 . Caa-Cy
tan2€§>33-— —‘*“'—"z Cua = .'5..

and 2-3‘533‘—' 18.43
Or
(zp“: Jze° couuter-~ clgckwise
In Fig. a we show also the axes X;, X; with respect of which this maximum value of the
nen-diagonal components occurs.
{¢) Referring to relation (1.61) the diagonal component of the tensor [C] in the direction

of the unit vector i, 1S

Cnn=§“i-r[cl<)“g=*rl§[‘ ' “] o o o

Problem 1.9 A
Given the symmetric tensor of the second rank
“3 -2 O
(A=}, 2 o
o o |

(a) We plot Mohr's circle using the two points on the same diameter X; (-3, -2) and
X;(2, 2). Referring to Figurea. we see that the center, C, of the circle is located on
the A'y; axis at a distance 1/2 (A,; + Az) = -0.5 from the origin O.

Figure a
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From geometric considerations the radius, R, of the circle is

R=[(25¢+22]" =32
Moreover as shown in Fig. a the maximum value of the diagonal components of the
tensor [A] is the abscissa of pointf)-{’,, while the minimum value is the abscissa of point
i;. Thus

Kirdome =K1 = CX, - 0C=32-05= 2.7

Kidein= Ay = - (OC +CXp) =-32-05=-3.7
Referring to Fig. a. we have

tan 2y, = tan < X,CX, = 2/2.5
Hence

29u=21866" or  @u=109.33° counter- clockwise.
One of the principal directions is the i; whereas the other two lie in the xx; plane. So we
see in Fig. a that point X, is located 218.66° clockwise from point X;. Consequently, the
principal axis %; associated with the principal value A, of the diagonal component of the
tensor is located @;; = 109.33 ° counter- clockwise from the x; axis. In Fig. b. we show

the principal axes of the tensor’,, X;.

%

Figure b

(b) Referring to Fig. a the maximum non-diagonal component of the tensor is the
ordinate of point i. Thus,

(A)mex =32
From Fig. a we can see also that the point :')Z, is located 128.66 ° clockwise from point
X;i. Consequently, the axes i-c'l and ?("z, where the maximum value of the non-diagonal
components of tensor [A} occur, are located as shown in Fig. b.
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(c) From relation (1.61) the diagonal component of the tensor [A] in the direction of the
unit vector i, is . s . .
] - - Q
= nt="o-{1 t -4
Am= 303 (Adnf- e Q2 2 S

o o ! -4

4.4
T >

Problem 1.9B
Given the symmetric tensor of the second rank

6 o -3
Bl o o
-3 o -2

(a) We plot Mohr's circle using the two points on the same diameter X; (-2, -3) and
X;(6, 3). Referring to Figure a. we see that the center, C, of the circle is located on
the B';3 axis at a distance 1/2 (B + By,) = 2 from the origin O.

By

Figure a
From geometric considerations the radius, R, of the circle is

R=(3*+4)"2 =5
Moreover as shown in Fig. a the maximum value of the diagonal components of the
tensor [B] is the abscissa of point ;(3, while the minimum value is the abscissa of point
3(’,. Thus,


https://ebookyab.ir/solution-manual-advanced-mechanics-of-materials-and-applied-elasticity-armenakas/

https://ebookyab.ir/solution-manual-advanced-mechanics-of-materials-and-applied-elasticity-armenakas/
Email: ebookyab.ir@gmail.com, Phone:+989359542944 (TelagsamsWhatsApp, Eitaa)

(Bi3)nax = B3 = CX3 + OC=5+2= 70

Bin=B,=-CX; +OC=-5+2=-30
Referring to Fig. a. we have

tan 2433 = tan < X;CX5 = 3/4
Hence

2¢13=216.87° or @3 = 108.43° counter- clockwise.
One of the principal directions is the i, whereas the other two lie in the x;3x; plane. So we
see in Fig. a that point ;('3 is located 216.87° clockwise from point X;. Consequently, the
principal axis %, associated with the principal value B; of the diagonal component of the
tensor is located §3; = 108.43 ° counter- clockwise from the x; axis. In Fig. b. we show

the principal axes of the tensor X3, X;.

Axis of maximum
diagonal component——
Xy Axes of maxamum

non-diagonal component
A 933:61“.
‘Osgt 108.43°
X3
X,
Figure b

(b) Referring to Fig. a the maximum non-diagonal component of the tensor is the
ordinate of point X;. Thus,
(i1 )uuax = S
From Fig. a we can also see that point §3 is located 126.87 ° clockwise from point X;.
Consequently, the axes ;(;3 and ';'E’l, where the maximum value of the non-diagonal
components of tensor {B] occur, are located as shown in Fig. b.
(c) From relation (1.61) the diagonal component of the tensor [B] in the direction of the
unit vector i, is _
8= Leljnf- L -210 TGS

-3 o -2

[}
“l

A
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Problem 1.9 C
Given the symmetric tensor of the second rank

o O ©
[C]=o~2 4

0 4 6

(a) We plot Mohr's circle using the two points on the same diameter X; (-2, 4) and

X;(6, -4). Referring to Figurea. we see that the center, C, of the circle is located on
the C'5; axis at a distance 1/2 (Cy; + Cs33) = 2 from the origin O.

€23

4

C22

—a— B

e

Figure a

From geometric considerations the radius, R, of the circle is

R =42+ 4)"? =5657
Moreover as shown in Fig. a the maximum value of the diagonal components of the
tensor [C] is the abscissa of point ')22, while the mininum value is the abscissa of point
i;;. Thus

(Cordumx = 2 = OC + CX, = 5.657 +2 = 7.657

(Coduin=Cs = - CXy + OC = -5.657 + 2 =-3.657
Referring to Fig. a. we have

2¢,; = angle XCX,
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Hence

2§, = 135° or @y =67.5° counter-clockwise.
One of the principal directions is the i; whereas the other two lie in the x,x; plane. So we
see in Fig. a that point 3(12 is located 135° clockwise from point X,. Consequently, the
principal axis X, associated with the principal value 62 of the diagonal component of the
tensor is located @, = 67.5 ° counter- clockwise from the x, axis. In Fig. b. we show the

principal axes of the tensor %, X3.

X3

‘2&1

Axis of maximum
diagonal component

Axes of maximum
non-diagonal cofponent

X3

A Bpe= 22.5°

Figure b

(b) Referring to Fig. a the maximum non-diagonal component of the tensor is the
ordinate of point X,. Thus,

(Ct3)max = 5.657
From Fig. a we can also see that point §2 is located 45° clockwise from point X,.
Consequently, the axes % and ?(3, where the maximum value of the non-diagonal
components of tensor [C] occur, are located as shown in Fig. b.
{(c) From relation (1.61) the diagonal component of the tensor {C] in the direction of the
unit vector i, is - , © o ol

C‘nrﬁg"; [C](}n?:'%‘[-' - o -2 411 =—_§_
o 4 o6}!

Problem 1.9D
Given the symmetric tensor of the second rank
-4 2 o0
{pl= 2 -8 o

© o O
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(a) We plot Mohr's circle using the two points on the same diameter X, (-4, 2) and
X, (-8, -2). Referring to Figure a. we see that the center, C, of the circle is located
on the D', axis at a distance 1/2 (Dy; + Dy;) = -6 from the origin O.

/
12

¢

D"

Figure a

From geometric considerations the radius, R, of the circle is

R=[2H-2]"*=2.828
Moreover as shown in Fig. a the maximum value of the diagonal components of the
tensor [D] is the abscissa of point X, while the minimum value is the abscissa of point
X,. Thus

(D)o = Dy = -CO + CX, =6 +2.828 = -3.172

Oruin=D, =-CO - CX, = -6 - 2.828 = -8.828
Referring to Fig. a. we have

tan 2y, = tan < X,CX, = 1
Hence

2$u =45° or Pu=22.5° counter clockwise.
One of the principal directions is the i; whereas the other two lie in the x;x; plane. So we
see in Fig. a that point ")\(’1 is located 45° clockwise from point X;. Consequently, the
principal axis X; associated with the principal value D, of the diagonal component of the
tensor is located @y; = 22.5 ° counter- clockwise from the x; axis. In Fig. b we show the

. . ~
principal axes of the tensor'x;, x,.
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o~ Xz .i‘)_
X2 Axes of maximum
non-diagonal component
-~
! Axis of maximum
diagonal component
9,225
D -22.5° X
[
~~
Xy
Figure b

(b) Referring to Fig. a the maximum non-diagonal component of the tensor is the
ordinate of point X;. Thus,

(D12 ax = 2.828
From Fig. a we can see also that the point xX; is focated 45° clockwise from point X.
Consequently, the axes Ti, and 77?}, where the maximum value of the non-diagonal
components of tensor [D] occur, are located as shown in Fig. b.
(c) From relation (1.61) the diagonal component of the tensor [D] in the direction of the

unit vector i, is

T - o .
Dan=§0{ D07 4nf- g Lo -4 2 2L
o o oifl-

Problem 1.9E
Given the symmetric tensor of the second rank

o 3 O

E= 3 -3 o

o o 2
(a) We plot Mohr's circle using the two points on the same diameter X; (0, 3) and
X, (-9, -3). Referring to Figure a. we see that the center, C, of the circle is located
on the E'); axis at a distance 1/2 (E;; + Ey) = 4.5 from the origin Q. From geometric
considerations the radius, R, of the circle is

R=[3?+4.521" =541
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As shown in Fig. a the maximum value of the diagonal components of the tensor [E] is
the abscissa of point i,, while the minimum value is the abscissa of point X,. Thus
(Eidowe=F1 = CX,-CO=541-4.5= 091
(Euia= 2 = -CO - CXy = 4.5 - 5.41 =-9.91
Referring to Fig. a. we have
tan 29y, = tan < X,CX; = 3/4.5
Hence, 2¢;=33.69° or @11= 16.85° counter clockwise.
One of the principal directions is the i; whereas the other two lie in the x;x; plane. So we
see in Fig. a that point )?, is located 33.69° clockwise from point X;. Consequently, the
principal axis X, associated with the principal value 'E'l of the diagonal component of the
tensor is located @;; = 16.85 ° counter- clockwise from the x, axis. In Fig. b. we show the
principal axes of the tensor X}, X;.
(b) Referring to Fig. a the maximum non-diagonal component of the tensor is the
ordinate of point "){(14 Thus,
(Elo)max = 541
From Fig. a we also can see that the point f)ﬁ:'(l is located 56.31° counter-clockwise from
point X,. Consequently, the axes i; and ?2, where the maximum value of the non-

diagonal components of tensor [E] occur, are located as shown in Fig. b.

k- €, &

n

—
®

o

—e

Figure a
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X, |% x
X
Axes of maximum
non-diagonal component
X,
A Axis of maximum
$, 1695 diagonal component
 §,728.16° %
X
Figure b

(c) From relation (1.61) the diagonal component of the tensor [E] in the direction of the

unit vector i, is - 3 3 ol
Fan = (el§ny=t[r t -¥1}° ==L
o o 21}

Problem 1.9F
Given the symmetric tensor of the second rank

o o o
['F_] =jlo -4 -3
o -3 -\2

(a) We plot Mohr's circle using the two points on the same diameter X; (-4, -3) and
X;3(-12, 3). Referring to Figure a we see that the center, C, of the circle is located on
the F', axis at a distance 1/2 (Fy, + F33) = -8 from the origin O.
From geometric considerations the radius, R, of the circle is

R=[(-3)°+ (471" =5
Moreover as shown in Fig. a the maximum value of the diagonal components of the
tensor [F] is the abscissa of point 5(‘2, while the minimum value is the abscissa of point
ig,. Thus

(Fposx = F2 = CO + CXy= 8+ 5= 3

Eruin=Fs = - CX; - CO=-5-8 =-13
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22

Referring to Fig. a. we have

tan2,; = tan< X,CX, = 3/4
Hence

261, =36.87° or 92,= 18.43° clockwise.
One of the principal directions is the i; whereas the other two lie in the x;x; plane. So we
see in Fig. a that point 322 is located 36.87° counter-clockwise from point X,.
Consequently, the principal axis X, associated with the principal value Fz of the diagonal
component of the tensor is located P, = 18.43 ° clockwise from the x; axis. In Fig. b. we

show the principal axes of the tensor X;, Xs.

X3 X3 23
Axes of maximum -
non-diagonal component = "
®,,= 1843 Xq
C g Axis of maximum
=c3.44° ~ diagonal component
. s %
Xy
Figure b

(b) Referring to Fig. a the maximum non-diagonal component of the tensor is the

~
ordinate of point X,. Thus,
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(F3 e = 5.0
From Fig. a we can also see that point :):(2 is located 126.87° counter-clockwise from
point X;. Consequently, the axes % and %, where the maximum value of the non-
diagonal components of tensor [C] occur, are located as shown in Fig. b.
{c) From relation {1.61) the diagonal component of the tensor [F] in the direction of the

unit vector i, is T q O o o A
Fan =}"§ [F] §ni=~—r§ [+ “] o -4 -3 |1
o -3 —‘2 "l

\O

Problem 1.10A

Referring to the solution of problem 1.9A we plot Mohr's circle in Fig. a. Moreover we
plot line X,Cx] making an angle of 60° clockwise with line X;CX;. Referring to Fig. a
we have that

angle ACX'; = 21.34° and
A= -0C- CA =-0.5-R cos(2136°) = -3481

A= AX =R sin(2036°) 3.2 sin(2134%)= 1164
Az OB=(B- (0 = Reos(21.34°)-0.5= 2.48l

Or , -3.481 L164 O
[A]:[l.\64 2.48) ©

O (e {
Ao -
‘ = J— A a
i‘—‘ u"JX—)‘ 2
-o.S’;b_
X | L2
T i 24, -21B.6°
A, " 2
A Yoy
~2 0 )I<‘ Alu
N X, Xz
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Problem 1.10B
Referring to the solution of problem 1.9B we plot Mohr's circle in Fig. a. Moreover we
plot line X3CX'; making an angle of 60° clockwise with line X;CX;. Referning to Fig. a
we have that

angle X'5CA =23.13° and

Bis= -CA+CO = - R os(23R°)+2 = -2.538

B = AX = R 5in{2313°) = 5 5in (23.13°) 1. 564

By = OB = OC+CR = 2+ Reos (23.13°) =6 538
Or 1 c.;qe ;: l.is#

1%4% o -25%

Problem 1.10D

Referring to the solution of problem 1.9D we plot Mohr's circle in Fig. a. Moreover we
plot line X';CX", making an angle of 60° clockwise with line X,;CX,. Referring to Fig. a
we have that

angle X',CA = 15° and
0,2 -C0+R conlls®) = -642828 cosI5°) =-3 268

Diz= ~AX! = - R sw(15%)=-2.828 sn(IS?)=-0.132
D22=-80=- ((o+CR) = “6~ Ros (15%)-8.732
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Or 3208 -0132 ©
{01zl.ot32 -eI32 O
o o o

k _ D2 J ,

4

D“

Problem 1.10E
Referring to the solution of problem 1.9E we plot Mohr's circle in Fig. a. Moreover we
plot line X',CX"; making an angle of 60° clockwise with line X,CX;. Referring to Fig. a
we have that

angle X'\CA =26.31° and

Fii= OA= CA - €O =R cos(263)- 452035

Fra=-Ak. - -R sin(2631°) = -5.61 5in(2631%) = ~2.40

Ea2:-6n=-BC - (0 =-R cos(23-45=-3.35
Or

S

o o 2
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Problem 1.11A
Given the symmetric tensor of the second rank
3 -2 Q
(Al=}2 2 o
o o 1
Referring to relation (1.73a) we have

[NT1= CASICAIL AT

i [¢] [}
= LE) Ll © £3.- -4
o 3 2 2 2 0 5 Y
0o -L Bifo o 1]{e L B
K3 2 2 2
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Problem 1.11E
Given the symmetric tensor of the second rank
0 3 o
1=, 4 o
o 0 2
Referring to relation (1.73a) we have

{e'1- (Al el [a]"

t o © 0 3 © Tt 0O o
3oL 3 -z
e F |z -so0f P 77
o -L 3llo 0 2] L 3
2 2 2 2
1o efz -6
"4 ez ~2s a3
-¢ w3 -3

Problem 1.12
The state of stress of the particle of Fig. 1P12 is

60 ©O 30
[=ls o o
30 0 -20

(a) The unit vector is normal to iy, which lies in the x,, x; plane, is
1 . 4 : -3,
SEglitzla

Thus referring to relation (1.61) we have

- . _
o o3 L B0 0 ¢ 2] (3]0
_30 0 -20{ |4

= 316 MF&

Referring to relation (1.64a) we have

tmse g [ LTs0 1 oo 2 ] |- deome,

30 o -20i}-3

&

The positive sign indicates that 1, is in the direction of the unit vector i, as we show in
Fig. a.
X

trl < AG‘BOH PA._

Figure a Results X3
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Another way of solving this problem is using Mohr's circle. We plot the circle using two
points X3 (-20, 30) and X; (60, -30). These points are located on the same diameter of the
circle. Referring to Fig. b we see that the center, C of the circle is located on the T's; axis
at a distance OC = 1/2 (133 + 111) = 20 from the origin O. From geometric considerations
we have also that the radius of the circle is

R= (40’ +30%)'? =50 and AC =A0+0C=20+20=40

Ta)

k—-——GO*—)l

Figure b Mohr's circle

The point of Mohr’s circle whose coordinates are the components of stress acting on the
plane normal to the unit vector iy, referring to Fig. c, is located 2x36.87° = 73.74°
clockwise from point X;.

+«—3 —

O

]

3%68%°

*3
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Thus, referring to Fig. b, we have that
Tan=OC + CD = 20 + R cos(69.39°) = 37.6 MPa
Tos = R 5in(69.39%) = 46.80 MPa
(b) Referring to Fig. b we see that the maximum normal component of stress is the
abscissa of point X’; Thus,
(T33)max = OC + R =20 + 50 = 70 MPa
Moreover, tan 2§3; =-30/40=-0.75 and
293 = 143.14° or $33 = T1.57° counter -clockwise

In Fig. d we show the plane on which the maximum normal component of stress acts.

[
Xy

X3
Figure d Principal directions & maximum component of stress
(c) The maximum shearing component of stress is the ordinate of point §3. Thus,
(T31)max = R = 50 MPa
Moreover < X;CX;= 143.14° - 90° = 53.14° and 3= 26.57° counter - clockwise
In Fig. e we show the plane on which the maximum shearing component of stress acts.

~
~

X

Y

SOMPa,

RWOMPa

~—

o \ =
x3 2651 X 3

Figure e Plane of maximum shear stress
(d) Referring to relation (1.61) the normal component of stress acting on the plane
normal to unit vector i, = 1/3 (iy - i, + i) is © o 30
T { i
znn’?'nz [233";:',%'[’ -1 1] o o o |
39 O -20}{!
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Problem 1.13

The state of stress of the particle of Fig. 1P13 is
-120 © -30
[‘] =1 o e o
-30 © ~—40
(a) The unit vector i, normal to i,, which lies in the x,, x; plane, is
ls= %‘h - %’LS

Thus referring to relation (1.61) we have

_ -120 © -30 r-3
Cna =§ﬂrf‘tﬂ“§’g’— [3o4]l o o ollo —‘5- =-SE MR
-30 o -4o||4
Referring to relation (1.64a) we have -
- -1 ~30
SRR 12 B Bl e | A TIPS
-30 O -40]}-3 5

The negative sign indicates that 1, is in the opposite direction of the unit vector i,. That

is as we show in Fig. a.

Figure a Results

Another way of solving this problem is using Mohr's circle. We plot the circle using
two points X; (40, -30) and X, (-120, 30). These points are located on the same
diameter of the circle. Referring to Fig. b we see that the center, C of the circle is located
on the 753 axis at a distance 1/2 (133 + 11;) = -80 from the origin O. From geometric
considerations we have also that the radius of the circle is
R =(40%* +30% )% =50

The point of Mohr's circle whose coordinates are the components of stress acting on the
plane normal to the unit vector i, which referring to Fig. ¢ of the solution of problem

1.12, is located 2x36.87° = 73.74° clockwise from point X;. So from Fig. b we have that
Zoan =-{0C+C0O) = - [RO+R cos (63381 = - 9260 MPa
Tns = -R sin(6333%) = - 46,30 MPa
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-120 el

—_ 80— |

b

T3
Ins

Figare b Mohr's circle

(b) Referming to Fig. b we have that the maximum normal component of stress is the
abscissa of point X;. Thus

(t;'s max : -C0+R = -BOASO =-30MPa
In following Fig. ¢ we show the plane on which it acts

X
30MP 3

~

x
3
Figure ¢ Principal directious & maximum component of stress

(c) The maximum shearing component of stress is the ordinate of point X;. Thus
(Za.‘)max = ﬂ)MPd
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In Fig. d we show the plane on which the maximum shearing component of stress acts

Figure d Plane of maximum shear stress

(d) Referring to relation (1.61) the normal component of stress acting on the plane

normal to unit vectorip=1/3 (i - i; + i3) is
n (l 2 3) ~120 o -30 1

, T
T'mﬁ?ﬂi ['513“%=—‘F [- ] o o o -1 .L=-23_Q
> -30 o -40} il B 3

Problem 1.14
{a) Referring to relations (1.78) to {1.80) the invaniants of the tensor {A] are

;=3 T=-21 Ty=4
Thus, relation (1.103) becomes

Ao -3AR -21A~4=0
The roots of this equation are

A,=6.3863 A,=-0.1963 Ax--3.19
Substituting A; = 6.3863 into the first two)of relations (1.103) we obtain

1 {1t
(3-6.3863) A{\? + 4 2:1 tAp =0
) ({4 )

42, +{0-6.3863) A2+ 2A3=0

Thus, \
A0 20 3488 A
@

A = 0,330 AN
Referring to equation (1.96), from the orthogonality condition i\ i’ =1 we have

1 A\t () N\
() + (A ) +(Aa ) =\ ®)
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Solving relations (a) and (b) we get
(4 ) 1)
A =%03633 Az -105T120  Ay=*0.7%
The set of direction cosines with the upper sign specifies the same direction as the set of
direction cosines with the lower sign but opposite sense.

Substituting A, = -0.1963 into the first of relations (1.103) we get
(340.1963) 257 + 4 Y, + A5y -0

)] )
4 23 +01863A 42753 =0

@ 03066 A2 o
A 19633 957
and
O s OB Y+ (A= @
Solving reiations (c) and (d) we have
2‘,},’ =10 6484 )‘2‘2’ =3 ORI5 7\(213) = 70.8833
Substituting Az = -3.19 into the first two of relations (1.103) we have
B3N AD + 495 + 2‘;’; =0
4250 +30 02 4 -0
Thus,
)(33; = -\.F422 2(333 ©
Ao = 0.1188 AR
and
R V+ R+ (A5 )= 1 ®
Solving relations (e) and (f) we get

3) (&} )
AD-t0d46s) A% - 308086 A, =T03614

Thus, the principal directions of the tensor are
17203639, +0.5120 i + 0.298813
Tf’: 04484 iy~ 0.1331512-0.8833 13 (2
;;3)= 0.464111-0.80861,+0.36t4 3
As a check we apply the orthogonality conditions i, i, =0and iV i =0
Referring to relations (1.25a) we have
A A+ 2525 42905, -0

) €3) ) (3 () (32
" 2\3 + )?_l Az3 + 23! )33=O

or
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03633 0.4484 - ©.5120- 01315 -0.2988-0.8833 ~0
0.1639 : 0.464( - 0.5}20- 0.2086+0.2988- 0 3pi14 =0

(b) Referring to relations (1.143) the maximum values of the non-diagonal components

of the tensor are

(Atlz)mox = al —ZA Z =3.2913

(AdYmox= Ai-A3 - 43882
2z

(A’f)})ﬁnox = Az -A3 = 14969
2

Problem 1.15
(a) Referring to relations (1.78) to (1.80) the invariants of the tensor [A] are
M=% TI,=0 TL,--25
Thus, relation (1.105) becomes
Ad-FA, +25=0
The roots of this equation are
A,=6.3832  A,=2.30B4 Ay=- 16956
Substituting A; = 6.3872 into the first two of relations (1.103) we obtain
(1-6.3832) A-2 A, + A% =0
-2 A% (4-6.3812) A0+ 3A2=0
Thus,
Ay = -3.2128 24 @

XY = -2.4526 A

Referring to equation (1.96), from the orthogonality condition iy> i,¥’ = 1 we have
O P (X2 ) (X)) ®)
Solving relations (a) and (b) we get
AM=*o02114 AL -708285 AS-70.585
The set of direction cosines with the upper sign specifies the same direction as the set of
direction cosines with the lower sign but opposite sense.

Substituting A, = 2.3084 into the first of relations (1.103) we get

) )
(1-2.308423% -22% + 252 -0

(&3] )

Y
"2 25, +(4-2.3084)2,5 + 32, =0
Thus,
) )
N22 =-0.2503 A2
0
ACL) = O. 8018 ’A»(?_‘

©
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and

(X5 ) (& ) (223 cs o)
Solving relations (c) and (d) we have

A =204636  A%5-7 0130 A =To 6168
Substituting Az = -1.6956 into the first two of relations (1.103) we have

(1+1 6356) AP 22+ A%

a2 + 233 =0
—2 23 4 (4t \.6qssn‘” e

32‘\-3233‘0

Thus,
).(3) =z 0.8624 2(3) ©
,)(3) - -0.9108 X“’)
and
OV + (A (0= ®

Solving relations (e) and (f) we get
(3) @ A3
')3‘ = t 0.6\0\ A37. = i’ 0.5262 ’)33-‘; + 0-5q23
Thus, the principal directions of the tensor are
(. 0.2141,-0.82851, -05©S iy ©

L 073636i- 0.1811i2+ 0. 6168 1 4
~(3)—06l0\q +0.52621, -O.5A23 {5

(b) Referring to relations (1.143) the maximum values of the non-diagonal components

of the tensor are

(Aln)mux: A‘—zAz = 2.0394

(A’|3)'m0x= AliA‘.': = 4.06414

(Nza)"mox = Az_- A3 - 2.002
2

Problem 1.16

(a) Referring to relations (1.78) to (1.80) the invariants of the tensor are
T-0 1I1,--25 n,.=0

Thus, relation (1.105) becomes
N - 25A =

The roots of this equation are

‘A\ZO A2:5 -A3=’5
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Substituting A; = 0 into the first two of relations (1.103) we obtain
43 m
&4 )‘1 +3 2|3 =0

4y )f:) =0

(1}
Az = - 0.15%0 @

[y}
Au =0

Referring to equation (1.96), from the orthogonality condition iy " =1 we have

Thus,

OV (A V(A8

®)

Solving relations (a) and (b) we get
[}

o) w
) = + = 3 }__ ='l‘_ll.
211 =0 1 225+ 5 } 3 5
The set of direction cosines with the upper sign specifies the same direction as the set of
direction cosines with the lower sign but opposite sense.

Substituting A, =5 into the first of relations (1.103) we get
@ ) (2)

-5 A +4 Azz2 +3A23 =0
w &%)
Thus, ) 2)
(2
Az = -45‘ A2z
@ 3 o _
d AA -2, ©
an
D2 (& D2
(A2 )+ (A2) + (A33) =1 @
Solving relations {c) and (d) we have
& 2y & A2 2
-+ _1 =+t 2 =X =
Ay =¥ = A= o Az =X o
Substituting A; = -5 into the first two of relations (1.103) we have
[&Y) (&) 7\(3) o
523, +4)31+3 a3 =
? 3>
4 A;a‘ + 5232 =0
Thus, X
3) (3
(3‘ ==~ 2. 222 ©
y
3333) = %— ?gz
and

SV« () (A2 )2 =1 ®
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Solving relations (€) and {f) we get
2(33 -4 2(3) o+ 4 }(37 + 3
Thus, the principal directions of the tensor are

‘2 "rfi’ il "“rsr~

(3)=_! \u?_.mp ,3 (g)

As a check we apply the orthogonahty conditions i~ ® =0and V. ¥ =0

Referring to relations (1.25a) we have
(YA (D () A @) () 4D
Av A + A Agy + Aqy A32=0
(1) (:0 m (3) () (D
A+ DAY+ AR 2B -0
or

0'—L—-—3—-__—4 +4. .2 =0
"2 S 5z S 512
3 .___ +b . 2
!’) N T
(b) Referring to Fig. 1P16 the transformation matrix is
0866 05 O (U]
[Al=l 05 o866 o
o o {

Substituting (h) into relation (1.73a) we have

E}BGG 0.5 oflfo 4 37 |oseg -0S ©

17} -
[Al=los 08 0| |4 o o]os owme o©
o o | 3 00]|o o) {

(3464 2 2598
2 -3464 15
2.598 -1.5 o)
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