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Step-by-step solution

Step 1 of 28

Fundamental theorem of finitely generated abelian groups: Let G be a finitely generated abelian
group. Then G=Z"xZ xZ x---xZ forsome integers r,n,.n,....,n satisfies the following

condition:
(i) »=0and forallj, n, =22
(i) n,|n forl<i<s-1

The expression defined above is unique if G=Z'xZ xZ x---xZ where, t,m.m,,...,m,

”

satisfy (i) and (i) then 7 =r,u=s,m, =nforal ;.

Sylow theorem: If G is a finite group of order p“™, where p is a prime and does not divide m,
then G has a subgroup of order p“.

Comment

Step 2 of 28

Lagrange’s theorem: If G is a finite group and H is a subgroup of G, then the order of H divides

G
the order of G and the number of left cosets of H in G equals 7

Comment

Step 3 of 28

This exercise aims to classify the groups of order 147.
(a) Prove that there are two abelian groups of order 147.

It can be seen that 147 = 3.7?. By Fundamental theorem of finitely generated abelian groups,
the abelian groups of order 147 are Z,,,and Z, x Z, . Thus, there are two abelian groups of
order 147.

Comment

Step 4 of 28

(b) Prove that every group of order 147 has a normal Sylow 7-subgroup.

Comment

Step 5 of 28

Using Sylow’s Theorem, the number 1, of Sylow 7-subgroups divides 3 and is congruent to
Imod 7; hence n, = 1. Therefore, the Sylow 7-subgroup of a group of order 147 is unique, thus

normal.

Comment

Step 6 of 28

(c) Prove that there is a unique non-abelian group of order 147 whose Sylow 7-subgroup is
cyclic.

Comment

Step 7 of 28

Suppose G be a non-abelian group of order 147. Suppose }{ < (5 be the unique Sylow
7-subgroup of G, and let /{ = Z

Z,,- Now suppose K =(x) = Z,be any Sylow 3-subgroup of G. By

Lagrange theorem, H (K =1, so that HK = (. By the recognition theorem for semi-direct

products, we have G = Z,,a  Z,for some group homomorphism ¢:Z, = Aul(Z“ ) Recall that
Aul(H) =Z,and that 42 =2.3.7. With the help of Cauchy’s Theorem,it can be said that
Aul(H)contains an element « of order 3. However, the Sylow 3-subgroups of Au((H)are

those of order 3, and by Sylow’s Theorem, every order 3 subgroup is conjugate to ((x> .

Comment

Step 8 of 28

Suppose Z, =(x)and define ¢:K — Aut(H )by ¢(x)=a . Since ¢@is nontrivial, Z,,a,Z,is
a non-abelian group of order 147. Suppose that y:K — Aul(H)is some other nontrivial group
homomorphism such that //a K is non-abelian. Since K = Z,is simple, kery is trivial, so that
v is injective. Hence, im ¥/ is an order 3 subgroup of Aut(#/ ), which is conjugate to (_a.)4

Since Kiis cyclic, so Ha K = Ha K .Hence, there exists a unique non-abelian group of order

147 whose Sylow 7-subgroup is cyclic m

Comment

Step 9 of 28

(d) Suppose 1,1, € GL, (F,). Prove that P =(1,,1,)is a Sylow 3-subgroup of GL, (F,) and
that P=Z,xZ,.

Deduce that every subgroup of GL, (Fv)of order 3 is conjugate in GL, (F, )to some subgroup
of P

-0

N o

Note that ‘GLZ (F,)|=2%-3"-7. Do the following calculations, f’ =1,r; =1and

, |4 0
4=

_0 I_
, [1 0]
L=
L0 4]
Comment

Step 10 of 28
However, following is seen:
Lt
20
0
Let, Z] =

0(a)=t,and @(b)=1,. It can be seen that every element of (1,1, ) has the form ¢, for some

~

(a)x (b}, there exists a unique group homomorphism 6 Z; — (1,.1, ) such that

0<i,j>3,sothat |(1,1,)|<9.

Comment

Step 11 of 28

However, note the following: &(1)=1,6(b)= l:.B(bZ ) =1; and 0(a)= I,.H(tf ) =1 also,

0(ab) = (2) 2
i :2 0:
H(uh‘): 0 4
9((1:b)= : g
()(u:hz)= 3 2

Hence, ker@ =1, so that @is injective, and then 'P|:9. Specifically, |P < GL, (F,)|i
3-subgroup. Note that if A4 < GLz(F,‘ ) is a subgroup of order 3, then A is contained in some

Sylow 3-subgroup Q and thus is conjugate to a subgroup of <a) .

Comment

Step 12 of 28

() Suppose the group P has 4 subgroups of order 3 as follows: B, =(1,).P, =(1,).P, =(1,).
and P, :<III§>4 Foreach i=1,2,3,4,let G, =(Z,xZ,)i, Zwhere ¢:Z, — GL,(F,)is given
by ¢(x)=a,. Here, a, = P. Foreach jdescribe G,interms of generators and relations and
deduce that G, = G,.

Note the following:

Comment

Step 13 of 28

ol A ole 3

Comment

Step 14 of 28

Since Z, = <\) is cyclic so . Each group is generated by the following:

Comment

Step 15 of 28

Comment

Step 16 of 28

And un=nu .

Comment

Step 17 of 28

For @, we have the following:

w1}

op= 1o

Comment

Step 18 of 28

on=nw

Therefore, @, has the following presentation:

K;J.l].(u|;f =n" =, un =nu,on =no,ou = /13(u>|

For G, we have the following:

)

=)o

And

i

=n'w

Comment

Step 19 of 28

Therefore, G, has the following presentation:

K,u.r]. (ul/l’ =n" =, un=nu,on =n'o,ou = ;f{u)‘

For G,in a similar fashion we have @y = y’'wand wn =5'w . Thus G, has the following

presentation: ,<ﬂ""w|’f =n" =&, un=nu,on =n'o,ou= !fm>|

Comment

Step 20 of 28

(f) Prove that G, is not isomorphic to either of G,and G,.
Let us begin with some lemmas:
Lemma 1: Suppose G be a group and let a,h e Gsuch that ;45 = p* . Then for all integers
mnzl, gmp" = p™" "
Proof: Let us proceed by induction on m.
Base case: suppose ;i = |. We proceed by induction on n. For the base case, suppose 5 =1.
Then:
a'b' =ab
=b'a
="
For the inductive step, let the conclusion holds for some 5 > 1. Now,
a'b™" =ab"b
=b"™a'b
=b"'ba
:h("‘”‘lu‘

Hence, the conclusion holds also for 5 4. By induction 45" = p™ 4 for all n.

Comment

Step 21 of 28

For the inductive step, let the conclusion holds for some ;; > 1. We proceed by induction on n.
For the base case, suppose p=1. So,
a"'b' = aa"b

-
=ab™" a"

For the inductive step, let the conclusion holds for some 5 >1. So,
a""'b"" = aa"b"b

=ab"™" a"b

- hnA" La|hl L'am

= hnA"'hA""um.l
™™ = pr I g

By induction we can say that ,=+p _ ™" ;=1 for all n, so that the conclusion holds also for
m+1.Hence, by induction, = p" — " ,mholds for all integers m,n=1.

Comment

Step 22 of 28

Lemma 2: Let m, n are positive integers such that m+a-2" =a +m~2"(mod 7)for all positive

integers a and b. Then, m =0(mod7)and n=0(mod3).

Proof: Suppose h=3and 0<a<7.Then, m+a-2"=a+m(mod7), so that
a-2"=a(mod7). Now a is invertible mod 7, so that 2" =1(mod 7). Since [2|=3in Z/(7),
we have n=0(mod3). Now we have m+a=a+m-2"(mod7), sothat m=m-2"(mod7).

If m#0mod7,then 1=2" (mod 7)for all integers b, which is not correct. Hence, m =0mod 7

Now, we will calculate the centers of G,,G,and G,.

Note from the presentation of G, that every element in this group can be written in the form
;,’;7‘(1)‘ forsome 0<i,j<7and () <k <3. There are 147 such forms, and because it is known

that ‘G,| =147, then in fact each element can be written in this form uniquely.

Consider that x = ,u"/]"(u‘ € Z(GI ) Then for every element /,',l‘m‘and by using Lemma 1 we
have the following:
un' o un'et =yt ot

=u'n o' u'n' o

= u" et
Hence, we have that, for some fixed positive integers a and ¢, a+i2° =i+ a2" (mod 7)for all
positive integers i and k. By Lemma 2, we have g=(0mod7and ¢=(0mod3. Hence xe (1]) .

Aiso, (1)< Z(G,). so Z(Gl):<'7)'

Comment

Step 23 of 28

Again, it can be seen that every element of (G, can be written in the form /1',7‘(,)‘ for some
0<i,j<7and (<k<3,anditis known that |Gx| =147, every element can be written
uniquely in this form. Consider that x = x°’e" € Z(G,). Then for every element 1/'n* o'
J[following is equivalent given as follows:

un' o un’ ot =y " o
=u'n o' u'n" o
2t b2 ke

=00

Comparing exponents and using Lemma 2, we have g=h=0mod7 and ¢ =0mod3. Hence
x=landwe have Z(G,)=1.

Comment

Step 24 of 28

Again, we can see that every element of (G, can be written in the form /,‘,]‘m‘ for some
0<i,j<7and () <k <3,anditis known that |G',| =147, every element can be written
uniquely in this form. Consider x = u“n’®‘ € Z(G,) .- Then for every element /5" ", following
is equivalent given as follows:

b j4° +
7 ot

/lu’]hﬂ)(‘llI’],(U‘ :ll.nr.“
a b

=un o' u'n' o

- ym,:‘ II,AM‘ o
Comparing the exponents of /2 and by Lemma 2 we have g=(Omod7and ¢=0mod3.
Comparing the exponents of 77, we have b+ j = j+bd" (mod7), sothat b= b4t (mod7). If
b#0mod 7, then | =4* mod7forall 0 <k <3, whichis not correct. Hence, h=0mod7.
Thus, x=]andwe have Z(G,)=1.

Specifically, it is seen that and

Z(G,)is not.

since Z(G,)and Z(G,)are trivial while

Comment

Step 25 of 28

(9) Prove that G, is not isomorphic to G,.

It is known that the Sylow 7-subgroups of (G;and G,are unique, so that every subgroup of order
7 in each is contained in /f = Z? . Recall that there are 8 such subgroups given as follows:

(,u).(,u/]}_(,ulf).(;n]').(,uf]‘>.(y/]’).(;n]">and (1) Note the following:
ono =n’ €(n)

And
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Hence, every subgroup of G, order 7 is normal there.

Comment

Step 26 of 28

On the other hand, in G,, we have
oune’ = rone’’
=4y’
= (')
€ </uf>
By Lagrange (/n])ﬂ(;nf) =lwunw " ¢ (un). Hence, (un)is an order 7 subgroup which is

not normal in G, . Thus .

Comment

Step 27 of 28

(h) Classify the groups of order 147 by showing that the six non-isomorphic groups described
above are all the groups of order 147.

Suppose G be a group of order |47 = 3.7?. If Gis abelian, then G is isomorphic to one of Z ,,

and Z, xZ,.If Gis non-abelian, then by part (b), G has a normal Sylow 7-subgroup H. Suppose
K = Z,be any Sylow 3-subgroup of H. By Lagrange, H (1K =1, so that G = HK . With the

help of the recognition theorem for semi-direct products, G, = Ha K, where K = Z,, H|=49

,and @K — Aut(H).

Comment

Step 28 of 28

Hence, classifying the non-abelian groups of order 147 is equivalent to determining the non-
isomorphic groups constructed in this manner. By part (c), there is an essentially unique non-
abelian group of the form Z,,a_ Z,. Consider that [ = Z2. Since G is non-abelian, @is
nontrivial. As K is simple, we have kerg =1; thus imgis a subgroup of order 3 in

Aut(H)=GL,(F,). By part (d), imgis conjugate to one of the four subgroups of the Sylow
3-subgroup P <GL,(F, ) identified above. Since K'is cyclic, //d , K is isomorphic to one of the
groups G, identified above. It is showed in parts (e), (f), and (g) that three of these are distinct.
Thus the groups of order 147 up to isomorphism are as follows.

Inallcase, let Z, =(x),Z, =(y)and Z; =(a)x(b).

2.

3 v(x)(x)=r"

4 0,(x)(a)=a’and g, (x)(b) =
5 0,(x)(a)=a’and g, (x) (b) =b°

¢
6. where ¢,(x)(a)=aand o, (x)(b)=b"

Comment

Was this solution helpful? (4] (]

Recommended solutions for you in Chapter 5.5

6/4/2019, 7:25 PM



Abstract Algebra 3rd Edition Chapter 5.5 Problem 9E Solution | Chegg.com https://www.chegg.com/homework-help/Abstract-Algebra-3rd-edition-...

30f3

Chegg'Stu dy Textbook Solutions  Expert Q&A

Q ov

Become a Tutor

Chegg For Good

College Marketing
Corporate Development
Investor Relations

Jobs

Join Our Affiliate Program
Media Center

Site Map

$
=

Advertising Choices

Cookie Notice

General Policies

Intellectual Property Rights
International Privacy Policy
Terms of Use

Chegg Tutors Terms of Service
US Privacy Policy

Your CA Privacy Rights

Honor Code

[

OVER 6 MILLION
TREES PLANTED

© 2003-2019 Chegg Inc. All rights reserved.

Cheap Textbooks
Chegg Coupon
Chegg Play

Chegg Study Help
College Textbooks
eTextbooks

Chegg Math Solver
Mobile Apps

Online Tutoring Easybib

Sell Textbooks Internships.com
Solutions Manual Studyblue
Study 101

Test Prep

Textbook Rental
Used Textbooks
Digital Access Codes

Customer Service

Give Us Feedback

Help with Chegg Tutors
Help with eTextbooks
Help to use EasyBib Plus

Manage Chegg Study
Subscription

Return Your Books
Textbook Return Policy

6/4/2019, 7:25 PM



