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Abstract Algebra (3rd Edition)

Chapter 1.4, Problem 11E (2 Bookmarks) Show all steps: ON Post a question

Answers from our experts for your tough
homework questions

Step-by-step solution

Enter question

Step 1 of 12
(a) Now first we compute matrix product Xy . Here, X.,Y e H(F). Continue to post
Therefore, Continue to edit and attach image(s).
1 a bY(1 d e
XY=[0 1 cllo 1 f
00 1)l0 0 1 My Textbook Solutions
1 a+d b+af +e
=(0 1 c+f
0 0 e
So that XY € H(F).
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Therefore, H (F) is closed under matrix multiplication. Algebra Algebra Introduction..
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Suppose F is a field and 0,1 € F . Let us consider:
Sanja
11 0 . Indian Institute of ... 342
A={0 1 0| and .
001 @ Maria
MSU-IIT 1736
00 B
B={0 1 1|eH(F) Guanhao
00 1 University of Pittsb... 225
On computing AB, we have:
1 1 0\(1 00
AB=|0 1 0ff0 1 1
0 0 110 0 1
111
=0 11
001

On computing BA, we have:
1 0 0)(1
BA=[0 1 1[0
00 1){0
110
1
1

10
10
01
=0 1
00

Therefore, 4B # BA, so that H (F) is non-abelian for all F.

(b) To find an explicit for the matrix inverse y-' and then show that H(F) is closed under
1 a b
inverses. Let us consider X' =|0 1 ¢
0 0 1

Find y ' suchthat yy-'— . Therefore,

1 a bY(l -a ac-b 1 00
I cf||0 1 - |=[0 1 0
00 1)(0 0 1 001
1 a b)' (1 -a ac-b
=10 1 ¢| =[0 1 -c
001 0 0 1

1 -a ac-b
Therefore, X'=/0 1  -c |eH(F)
0 0 1

Hence H (F) is closed under matrix inverses.
(c) To prove the associative low for H (F)then show that H (F) is group of order |F|‘.
Let us consider X,Y,Z e H(F), such that:

1 a b
X=|01 ¢
0 0 1

~
Il
S © -

Z=|0
0

o -0y © -
=

Now show that X -(Y-Z)=(X-Y)-Z

Compute Right Hand Side of the above equation.

1 a b 1 d e\(l g h
X~(Y~Z): 01 c|-{|0O 1 fflO0O 1 i
001 00 1 0 01
1 a bY(1 d+g h+di+e
=0 1 c|{0 1 f+i
00 1){0 0 1
1 a+d+g h+di+e+af +ai+b
=0 1 c+ f+i
0 0 1
1 a+d e+af+b\(1 g h
=0 1 c+f |10 1 i
0 0 1 00 1
1 a bY(1 d e 1 g h
={0 1 ¢|0O 1 f 01 i
00 10 0 1 0 0 1
=(X-Y)-z

Therefore, matrix multiplication is associative on H(F).
Also H (F)is group under matrix multiplication.

Therefore, it is proved that |H(F)| = |F|‘-
Comments (2)
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(d) To find the order of each element of the finite group H ( /2 )

First list all the possible elements of the finite group H( /2 )as follows:

100 110 1 01 100
A=0 1 0{,4=/0 1 0[,4=[0 1 0[4,=0 1 1

0 01 0 01 0 01 001

111 110 01 111
A=[0 1 0),4,=(0 1 1)|,4,= 1 1|,4= 11

0 01 0 01 01 0 01
Comment
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Now find the order of each element of the finite group H (I /27 ).

Compute:
I 1. 0)(1 1 0
A'=[0 1 00 1 0
00 1)l0 01
100
=0 10
001

Therefore, the order of 4, is 2.
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Compute:

=
[

]
S o -
=]
(=]
S - o
—_ O

o —

0
0
001
Therefore, the order of A,is 2.

Compute:

S - O
—_ -

1
A2=|0
0

1

L — B — L
(=]

Il
=]

0
0
0 01

Therefore, the order of A, is 2.
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Compute:

o

;

Il
- o -
o - o o = =
- c o = o
o o

o e
-

0

Therefore, the order of A, is 2.

Comment
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Compute:

=]
S - o

1
A7 =|0
0

Il
=]
S - O © - O

0
0
0 1

Therefore, the order of 4, is 2.
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Compute:

EN

»

|
©C O -

(=]
(=]

',k_'
Il
c o -
- © = S © = =
- - o

0
0
1

(=1
=]

Therefore, the order of 4, is 3.
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Compute:

S
I
S O -

1
1
0
01
1
0

&,

Il
S o -

o
—_—
o O -
O
—_ -

A
N
I
S S -
SO -

1
1
0
0
=0 1
00

-0 O

Therefore, the order of Ais 4.
(e) To prove that the every non-identity element of the group H( ) has infinite order.

Let us consider that all a,b,c€!] andalso 5>

Show that:
1 a bY" (1 na nb+t, ac i
01 ¢|=/0 1 nc | where f, =i
001/ oo 1 "

We prove the above by using induction on n.

First we prove for p=1.

1 a b 1 l-a lb+1 ac
01 ¢|=|0 1 l-¢
001 0 0 1
1 l-a 1b+0
=0 1 l-¢
0 0 1
1 a b
=0 1 ¢
0 01
Comment

Step 10 of 12

If this is true for 5 =1, then we assume that it is true for ,+1.

So,
1 a bY" (1 a bY(1 a b
01 ¢ =0 1 ¢ »[0 1 ¢
00 1 00 10 01
1 a b)(1 na nb+t_ac
=0 1 ¢ ‘[0 1 ne
00 1)(0 0 1
1 (n+)a (n+1)b+t,ac
=0 1 (n+1)e
0 0 1
Comment

Step 11 of 12

Now we consider any arbitrary element X € H (] ).

1 a b
Where X=|0 1 ¢
0 01

If either a or ¢ is non-zero, then (l,2) or(2,3) are the non-zero element of '~ for all positive n.
If a=c=0then h#0.

Therefore, (1,3) is the non-zero element of y~ for all positive n.

Comment

Step 12 of 12

Therefore, every non-identity element of the group H ( ) has infinite order.

Comment
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