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fl——*‘XZ
From Fig.(@), x= =+ L (%y— X1)
Q('f'gi
= Ao x, + L *, (1)
Q,i"zz £(+’(2
Ver‘l:n‘CaJl farc_e. e_Uu:(.'Ln‘um j’—'rom F,:j K
F = F' + Fz (2>
Moment eguilibrium akbout c’ (Fig.h>D :
F2 22 - F' Ql (3)
Solution of Egs. (20 and (3):
F= Pl , Fo= —E—IL (4)
y~[+ RZ z ll+ 'QZ
Dc‘sp|a_t.emem':s of springs K, amd %, are given Lg
o= FU _ _F L2 _ Fa F A (s)
) - —_— e ——— r—————————

4, (I+%) X2 % —1:;_ - %, (0,412
DI'S‘|=lG—C'e-men+ of force F cawn be :f'ou.ncf using Ezs"CS)
in Eg.(1):
tp FRe K FL

L+ 42 1, (1,+12) R+l 4, (L44e)

_ (z,zk, + 10 1<z> @)
@+ 92>z *; Kz
The E&w':Va.szn/t aprung constand of the Ayslom in the
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Eguiva lence of PO‘ba“t"al energies gives ,
2 z 2

FA 2 2
Keg = hpg+ Kiz + kA + k4 + K3 1,

4,,3 = for series springs #,, Ky and *3:
123 =

1 K, Ko K3

' "- '— ¢ =

= ‘k| + kz + k3 ’ 'kl?.3 k|k2_+ kzk;"‘ ka,kl
K23 .

Using energy eau.ivw[ehce,

z 2
2 5> L oR
éke?/92=-',:kq_e-i--;jk,z;e.‘_éks(ek) + 5 *g ( )

2 (A
| 'ke%-— 'kq,"‘ k|23+ R ‘k;-'. + R kG

4+\k.4<7_+ Ko k3 + %3 K (

—
—

For S\'mplﬂ SuFPon‘:’eJ beam,

I-%\'n _L
Sor Acad ot widdle, - / Y / -;—hn
48 ET _ 48(2-06 xie ) (io ) PP
k, = 7 = z ) o
= 12-36 10! N/m where I= 7'; (L) (e 1) =15 T mt.
) =7
: _ 500 x ?:8%L . ' m
8 = on‘gu‘na.l Je{-(ec%aan = 1"% = ___'2'3_6._,‘ — — 3968447 x 0

when spring is added, ke@

K+ K4

@) New deflection= 1’;_‘_%_ 31 . 4 4mg

= s T 4 1
4 g 5

1

eg = k+ 'k|
. 4 = 3% = 37.08 x16 N/m
(b) New deflection = mE - o3 e = 2™ _ ok,
ke 27 % 5
= %,z 12:36 X0 N/m = k+ K,
(C) New Ae [ec.f'aﬂ = E‘i - i S - = 4 mg — 4_
slect keg ~ % ' keg ™ 3 5, 3 ki
'k:‘—;" k|= 4 .12 Xlo-? N/m = k+ k’
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For abar with flength L, Young’s modulus E a_nJL
@ cross-section A, the axial sé;‘f{ness(.k) s given by
| (1)

- AE
4« = T ’ | )
when cross -section is solid cireular with diameter 4,
4 (2>
area = A= ™ A‘;
when cross - section is sguare with side d, -
3

2
ovea = Ap= 4 4
when cross -section (S bollow cireular with mean dios. d an

oL thickness t=o-1d, 2
" ovea, = TTdt = ®d (etd) =01 ™ d (4>
For SFeci;Fc'ea{ value 0’6— k= %, cross - section orea
re.zu.a‘rexi is: A= E{._ = ¢ (constant) D)
Weght of bar :
with selid cfr;c.ula.r section: | . ke >
W= 'Wd L = c L hhfl'\ d = "F“
&
‘ ’ tion:
with hollow cireul ar sect( . -
= 0 *L = oI T L2 L = o4 c L
Wg-OITVa‘ ol\(.n.) T W
c8)

Wl.{"i uaxe gsec f(‘on :
A% d*L = 4£& L = 4 o, = r2732W
Wa.~ B ™
"rse shaft with the hollow cicewlayr cross~ section
. T t

co\'res[ﬂonals T minimum we:‘ghf- -
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Lilever beam under & l:en.aﬂtnﬁ

Stiffness of oo Can
@ LIt
For o:/qzz-u—é-u;a Valu.ﬂ-o’& K= %,
I~= 4‘ K - Cc = c,or‘d.'a-h't‘ (‘2)
3E
For o 90[!0‘ clrc.u.la-r section w:H'\ alla-mefer‘ d;
! yo 64€ = [s4e’ (3D
I, = % = = d'= o J -
4* 1 1Tz
weight of beam= W, = L& 7 _ TwX |64¢
4 4 N
= 3.5449 1 Jc (4)

For o hollow circular section with mean diameter d

and woll thickness t=o:1d, weight of beawm (Wp)is:
wpz I (do' =4’ ) L= T’l §(d+ ) -z(o&—z‘) *}
=ﬂ (4dt) = 7ra+9—7-ﬂ(6!4>
=ol‘m—£\j6"° = ryige fUc (s

For ov Agpans secdion with gide d, weight of thke

Wa) 44
beamwcgzﬂd"l L GQC _ 4.s135 LJc” ()
Eps- 4Y,6D e (6, the minimum Weggfft

By
reSloonclS to the Aouaw &JLcwea.h- croSS~- S’ec’l:mn
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Spring Force is given by F- 900 % + 40 %° D)
static ev.«.-.b.hfu:m of the rubber moun'l't‘nj (x*) under
the weight of the elocthomie instrument is given by

3
E=z 200 = 8do x* + 40 x*

ov 406 z*a + 800 X" — 200 =o (2D

The roots of +he cubic e?j.wtan (2 cam be foord From

MATLAB of . >
x*= 0:2492 » —orl246k 44773+ 3

Thus He »talic 25'44[ by rum position of the rubber rnoun‘f’mj
is given by the reel rost of gg.(@):

x* = 0:2432 in (4D

() Ezulvde.\ni_ linear /S‘on'nj constant of yubber 'moun'f'.‘ng
of ibs shakic eguilibrium position , using gp. (1:7),s:
2

dF = Mo
= = = 8¢ x = 2492
Kep e 6+ 126 g00 + 12006 (0-2492)
(s>

= go7 4521 b/in
(b 'Deﬂech‘on of yubber mo“““"j Correslaonoll'nj fo

the e»U-&YM LW }dvrmj constant is:

200
= ——— = 02417 (6)
k= *ep 807 4521 4 o

]
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@ F(x)= 200%+ 50 x* + 10 %? )
wWhen the Spring undergees a steady deflection of

x*¥ =05 in o\un'n.j +he oPera:h'on of the €engine, the
fovce exerted on the spring can be found oz

E = 9.00(0'5)4- So (0'5)9 + 10 (a-s)3 = 1n3.75 kb (2D
Ezuivelami' Linear Spring constant ot ilf /Jf'ea&.aj
Ae}[e_c’u'on is given ':j Ea.(p'?) :

2
*
*eo = ""‘AF = 2@go + 100 X +30 x*
32 dx x:x*

2.
200 + oo (0°5) + 30 (o'5)

= 253.75 b/in

1
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() x= downward T
deflection

i

)

'

of point A, 2 (bY 2 (b-x,\ :

‘XA = resultin 2 (2) 2 a,-( 2’) '

a[cforma.{:(oﬂ '

of Arring l :
Potential energy 38"“"“-"':“‘3 (L— ;‘A

SGVGS ._1__ 1‘6«& 7- = __ * -x/g

«ea—k("

But x = 2[\/3 (" ")‘) | J‘i‘(‘l”z ]
., a}_%)z[ { —((i)— Ny } 1]

) a?—-‘-;; [{(a _,_;a_ x:; b %) }1/1 ~ 1]

SR el -

Using the relation (i+e) ~ 1+ —5 , we obtain

32 _
x =2 (a——) [1 4_(0__ ) 1] ) (w_’ ifs

u

= Y 2 oax (E-8) = « i_“*_:_’lZ
b ¢ (2 = 0 (1K) = (257
(b) Here x = %45 (Apring cle:,Clecf:(on)
. k%= &
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Let x= vertical
Auspla_cemenf

of mass M,

x/,- reSuH:unj
deformation of
ea,ck inc(fned

Spring .

From ezunva,‘.ence of Fofewi:‘a.l energy,

2
From 9eom€{'¥‘j, (1... )5) X + % _zﬂx cos &
x2 -2%x cos o + 20 %5 - Xf =0

_(Ei)
So'vin3 (Ej_>, x = Reosot [1 + {1 (Zf g — x)s }’/2 ‘J (Ez) .

22 cos*
Usin3 the relation JL—-G ~ 41- —9- (Ez) can be rewritten o5

x = cos o [1. {1 (7‘17':J _r?- )}] (Es)

zﬂz cost

Assummg x to be small , we wuse minus swgn and nealecf x,s
compared to 2L xg in (E3). This gives
x5

X =

_Bkwso(
ke

In o sgimilar manner, Cg = 3¢ cos®
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F|= 4‘l‘xl

|

R
1
n|R
-
R
\
pIR

Fo= k%= -—; > F,=k,‘x|=2‘k(%>=k1¢

Ezu;valamf Apring constant of the system ('ke8> ok
point A can be determined bg considering the wmoment
eZuiUbn‘um of fovces about the pivok point O :

L {
F(d)- R (§)-F(5) =0
-_ F Fi _ %= kx _ 3
r-.;+__'..__‘_'_+__._z_-k-x

2 2
= "kez x
'ke& = —2' 3

1-14


https://ebookyab.ir/solution-manual-mechanical-vibrations-rao/

https://ebookyab.ir/solution-manual-mechanical-vibrations-rao/
Email: ebookyab.ir@gmail.com, Phone:+989359542944 (Telegram, WhatsApp, Eitaa)

F CSP"""j force an ma.fs)
A

F= (k%) (x=%) + £, (%=dy)

F=(e+ %,) (-%0)
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B pt——o kg(sfne l)

Moment about the
pivot point O:
T = moment
= mg _f_ Sin © -(1:,_. Sm9>-§—
~ (%o Lsing) {
mzﬂ f;: _ &, fz) o

)
Denoting the e&u.wolmnt forsional Spring constant

of the system ot %Ki, the moment T can be
e&FresseA as

T = 'ké- e (2>
Bj ezucuh‘nj Ezs'v(l) and (2), we obtain

R LN N O
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When mercury is dis placed 6:, an ameunt x in one
@ ﬂe,j of the manometer (F3. 1.77), the mercury

column wi“ uniergo a total Ac‘sl:(a.ce.mem‘: of 2%.
The *ma.ﬁha{-ude of the force , due fo tfhe weight of the
displaced mereury, acts on the rest of the flucd.
The yesl‘orinj force is given (:j

F= 2 A x (D
wheve i ois the SPECi:F"C We\'ﬁl\f of mercury amd A is
the cross-sectionad area of the manometer tube.
If keg devotes the Spring constant agfocialed
wilk the res‘:ortnj force > the reS{'orc'nj force Can

be exl,réSSeA af
F = keﬁ x (2)

Ezua-ft'ons () ard (2) 3:‘610‘ the Qzuiva.(ehf Apring
constant as

zkeg= Zif-A (3)

1-17


https://ebookyab.ir/solution-manual-mechanical-vibrations-rao/

https://ebookyab.ir/solution-manual-mechanical-vibrations-rao/
Email: ebookyab.ir@gmail.com, Phone:+989359542944 (Telegram, WhatsApp, Eitaa)

When the druwm s c\u‘splcu.e.ol Ly an amount x= fom its
@ static ezun'ln‘brc‘u.m position , the weight of the

S[u\a\ (sea water) alt'spla-cea (S given BJ

W= §,9 (’"4 )
where £ is the c\er\Sl‘{'y of sea water omd g is the
a,c.c.e)lo.ﬁ'l-&tcﬂ due To 3ra—v:{'y The Weth:' W, given bj
Eg. (1) olto denotes the restoring force F. By expressing
the restoring force o4

F= Kep % (2)
where *eg denotes the eguivalent Apring constant
associated with the restoring force. Ezu.a/‘h'ns (1) and
(2D, we obta.in

wd®
F (3D
*ep = = £ 7 |

(1>
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(5) ;= 2= -
23 4, + k3 My @ ]
z % .
ty= Asg =T 57 ‘ ‘ rigid
1 k23 ba.r
From ktne'(:lc energy » (mgsslcss>
. \2Z -2
$mi(06) + 4(matm) (£6) 2 1 %, 6°

From Fo\':en'l'.‘a,(. energys m

z « (i e) + 7 3 Uz@ + 3 k{.a + 3 ([3 9) keZGZ

. Jea=ml l+(m2+m>13 H ‘ke&=kg +k23'[2+k+k !z'

0 i.‘.ii.’?L IO M—:

Le

»
4, = EA . ret (et = WE”“‘
2T T, 1, ) 41
. 4t(d+f

k,= Kk, gives A, = >4

1-19 .


https://ebookyab.ir/solution-manual-mechanical-vibrations-rao/

https://ebookyab.ir/solution-manual-mechanical-vibrations-rao/
Email: ebookyab.ir@gmail.com, Phone:+989359542944 (Telegram, WhatsApp, Eitaa)

@ @) S’Fr.‘nj constant (stiffness) of A"éF ¢ the axial

direction :
Ke = A}EE = é_}_E , £ =1,2,3 (D
b 7
&) gps 2 3 {Li—>~F
4

The reaction ak any poa‘nt a.x.m«ﬁ the S{:eP‘beJ ALa.f"é due £
an axial force (F) applied af point 4 will be same ax F.
Hence the Aprings (S'\':iff nesses) corresponding to the
tKree X{’eps 12,23 evd 34 are o be coensidered of Sevies
S‘or.‘n3$- In view of Ea.((), tke ef/.u‘,va.ﬁbri Al?rt'nﬁ
constant given Lj Eg. (1 17) becomes

| f { L _ ' {2 23
— = -+ -+ - — — + e —
'kea kl k‘z. kg E ( Al A2+ A;)
_ 1 (dy A A + 1, AAz+ k3 A A
& Al Ay Ag
or E A A A3
k = 2
7, L,Ash3 + L2 A A3 + L3 AA, (2)

D Sl:e,Ps behave as series Aprings .
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ke '-—-' 2K
=2 3 Ezu{va—‘eh"' .S‘Pr:’ng- constants
- uSinj Egg. (1-10) and (l.lg),
‘ 3
L€—> F
—/NNA—/
K
L — 2
5 ——AAA— ¢
'k%;-'Zk
6
AW
6
[T S S
+ 1¢ - §7< + 2%
¢4 %3
s AANANAN————e— F
6
e, = Ko, = 10
% g K
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@ (w) 'I-ors{onaj SPrn'rLj constant oy S'fu'_F—fnesg O_F sl“e‘pi 'S
. 4
ko= ST G T io2,3 (1

{ 32 {. ,

(b) The reactive torgue ak amy point along The slepped
Ahaft due & om o—dzr»euul 'I:a’?_&u.e T ot the freeend

will be T. Hence the torsional Si:a‘ffnesses(x,pn‘ni/s’)
CoerSFoanng t the three z%f'e[os (2,23 amd 34

axe 12; be consfalereJ a3 JSeyres S’prx‘njs- I'm Vview

OE EZ(I), the eZLL(vale.rCt 'f’orS’t'anai /Srh'r-.ﬁ Canwf'mi

3fven bj EZ.(|.l77 becomes (EZ-(l'l'D s to be
l'n‘l’er‘are,’re.ol far 'f.'orS'l'onaJ SlaringS’):

| ! l 32 7 L Lo A5
__,‘_. - — + = = — _ 4+ + 4
eg T kg, kep %z wa \ ! Py Dg
¥4 4 4 4 4
_ 32 ( {,p, D3 + L2 D/ D3 + As D, Dz)
TG i ! ng
or
4
k, = TG D, Dz‘f D3 (2
“t . 4 4 4 4 )

() Sl‘eps behave ags series APn‘ngs.
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dF (x—%5) = (5oox+zx3> +(500+5x‘ L (x=10)
(@) F = F[xo + Te | xo o) = =10 A

~ {100 & — 4000

GD ok xX= 9 mm: s
>Exa,ct F9 = 500x9+4+2 (9) = 5958 N
- N
A'p‘ﬂ‘oximwt‘e F9= {too x9 — 4000 = 5300
Exror =—0-9735‘Z

(C) ok x= (1 mm: ;
Exact F, = sooxil+ 2(ny = 8l62 N

Approxfmaie Fi. = Ul@o x 1t — 4000 = gloo N
Evvor =+ 07596 //,

f:v"’= constant --- (1) foferen{';;a,ffan of (ﬁj? gives
JP v o+ 1’ r v dv = o
Cl? = - L‘!;: Av —-—(E’_)

dta.nje in volume when mass wmoves by dx, to = _Adx - (53)
Eps- (E2) and (E3) give dp = PrA ™ z .
v
Force due to pressure change = dF = dp. A = j’_)%_i dx
Spring constant of air spring = £ = _j_g =(! Y'A2'>_
v

Eguivalent spring constants in diffent divections are
s kg Ky [ ke ko
kei = ) ) ke?_ = % - k'_—‘ >
Ks kg + ks k7 + K kg g+ Ko

ks
e :( e ) r e =( )

If the force P moves b:./ x, spring kocoted of @; undergoes o

Aispla.ceme,n{: of % = % cos 8 (Jerim.i:u‘on as n le,lem 1.17).

2 4 2
Epuivalence of potential energy gives L ke x =1 Zkes X;

& 2 i1
keg = Z (’kei S 94:)

=1
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@ 0 TTA

’kax -1 —
Let fhe Aink ODABC un&ergo o xmaﬂ am.i,u.knh

A,@&;Lawnlmf e at Ahown in above frgure:r The

Spring reaction Forces are clts indicated in the figure.
Ezu'\(l'f:n‘um of moments about the Fc'vof Pofnf O gives:

Cer () a2 (D) - x () 4 Fh =0

or E = _4;_1__'___;_ 4‘2_‘_'4‘3)1 5

If keﬂ denotes the EZLU'VM Sporing comsbomt
of -H-.e Leek a.la-r\-j the direction of F ok Fo"nlf’ C,

we {-’ta.ve
= (2)
F= kez x
Ezua.ifm (1) omd (2) 9ive
kezz -1;—‘+ 2 ‘;" + 3 = _4;—-{- %(24:)4-(3«)
kep = oo« (2
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@ Spring constant of o heliceld Apring (s
k= ———-Gd‘, (W)
g N D?
Assuming the shear modulus of steel as G=7%3GP,

Eg- (1) gives , for p=o:2wm, 4= 0.005 ™ and N= (0,

5y , 4
‘ 005
p= G320 )(000%) 774414 Nfm

g8 (10) (0-2)°
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@ (@) D and d: same for both helical springs
Weu‘gkl‘ of o {-.el.‘cal Apring (s:
W= 7D 3—“—“—'1) NY (1

where 7= S[’ec"ffc weight of material of spring.,
For e /S"e.e\ /5‘0!’““5 Wl'klﬂ ); = 76 '% 1<N/~m3, tte
weijh’r is (for Ng = 10) A

T _ 2 _ T'"D a{ ‘ 3

W)S— ﬂD(T_r_g_‘_)ng& = \4 (lo)(’TG'Sxao)

= 19025 x 10! W pd” (2)
For an ocluminum /SP\'t'ng with Y; = 266 kN/ma, the
wg{jht £ (yor number of turns Na_,),
3
w,, = TTD(TV__JZ)N(,_, }’;_, = 72D 4" Na (26-€ xm)
& 4

— 665 %o T DA N, (35
= o.t a.m_A 3),
E&M ™ (?-2 2 ( )7. 3 2 o{z
iG.126x10! ™ Dd” = €:65 %10 T D N,

or N, = 11125 7"0:, = 28. 7574 @D
. 6:'65x10
P Spring gonSfanf of o 'f-.ei{ca.l ,S(pr(nj 'S :
= Gd'/GnND?)
For a Afeel Apring with g = 7933 G Pa>
'{4)‘= C‘I?-? moq ) o\"/{ 8 ('o) :D?’}
— 0:99125 x 1o 44/93
For an eJuminum spring with G= 2¢.2 GPe.
k, = (26-2“09)0\4/{ g (28:75%4) D?}-
= o-139 x1o d4/p% (¢)
Egs-(5) and (6) indicatr thet the Spring conthant of
steel "1"““3 8 °"99'2%.”39 = Q.-7046 times Xa.rger
tkan that of olluminum Apring -
1-26
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F
f F= d,x + 2%, (x-)
| = x+ 2k (x-—a)
-3 Kkx —2 ko
\
Nl .
|
|
l
. |
F= 'k")f.'::kx
o :a, > %
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P A Lith f= 14 dor air

From Problem -29, =

i v
Let p = 200 pst s 2
(200)("4—)i = A = 0.2679
v 2

&= 15 Ufin = 5 ]
~ _ .. .
Let diameter of piston = d=2inch ; A= T (2) =3 1416 in

V= A%/0.2679 = 36 840§ in’
Let hz= 2inch ; :E_'_pz(z): v D> D= 418429 inch

Feax+bx®=2(10%)x +4 (107

s dF *
Around x : F(x) ~Fx)+ = e (x—x)

When * = 10~ m, F(x') = 2 (10%) (1072) + 4 (107) (107°) =240 N

d¥ |y =a+3bx? =2 (10*) +3 (4) (107) (10™*) = 32000

—

dx

- = -8 )N

Hence F(x) = 240 + 32000 (x - 0.01) = (32000 x B
Since th(e )linearized spring constant is given by F(x) =keq %, We have k, = 32,000
N/m.
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@F-—a x: + b; x3 ; 4=1,2

Prmgs‘ n .S€ ries.

= Qs S| + L S‘ (1)

W = Quy §, + L 8 (2) ____1_6_;
Salve Egs- m and (2) fJor § and 8§, : To
respecfwely substitute the r.esu,é{: By .52
n Eg-(4) and then in Ep.(3) To ‘;’
}fnd "‘gz-

SFrings m po.ra..ll.el:
W= Fl + FZ
= o« s.k 4+ L‘ SS.E +a-o 8£+ L Ss.‘;
= ‘keg 8st _a_:l__
2 4

k.eﬁz o+ by k+aa,_+l:2 st

T4
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* = >gxio N/m zé6 3 N2z o
) s

d

W= TTDN /S ("_‘LZ‘:'_L> where p= weight per unit velume

2 i
3‘:1:-'— f;?- = + g d 3; > 04 H3-
2NTw 2Vam2d*N° £

1 3 — a. >
Using g= 73.1 x10° N/m? » f = 76000 N/m? , 2=9.31 m/sec”,

; =0'4,0-6,.- values of
%:G,~8,¢o; N=10,15.20 s d =04,0-6,.-

% and §; are crm':u{:ec'.

Combination of .i—— 6, N= o0

'!':o % = 8-4¢o06C xuog N/rn -a.nc' ;f—'iz o-4801 Hz,6 Can be
‘{.’«,‘alce,n ai an ax,cer'}:a:“e Jes"'gn.

Total elongation (strain) is same in each material:

a.na‘ d=2-0 m, corres‘r)onc'i'ny

x
€g =€ = ?‘ (1)
where x is the total elongation. Equation (1) can be expressed as
% _ % _X (2)
E. E. ¢
Eg x )
or O, ; 7
z 4
=7 (4)
Total axial force is: 5
F=F5+Fa=o-sA-s+o-a.A-a. ()

where F. and F, denote the axial forces acting on steel and alumixlmné, rezPectgily,k::li
) i he two materials. Equating I to
epresent the cross-sectional areas of t : . :
?vi::adkAa cie:ll)otes the equivalent spring constant of the bimetallic bar, we obtain from
eq

Egs. (3) to (5): ]
RN

EsAs | Eada 5)
or keg=—7—+—7 (
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